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Abstract 

Negative mathematics perceptions may affect how teachers teach the subject, how much 

time they spend on the subject, and how well they teach it. The problem that grounded 

this study was that although anecdotal evidence showed that teachers’ experience with 

professional development (PD) courses in mathematics teaching improved their 

perceptions of mathematics, there was a lack of data regarding how PD affects changes in 

teachers’ perceptions. The study purpose was to gain a deeper understanding of what 

elements of a PD course have the greatest effect on improving teachers’ perceptions of 

mathematics. Piaget’s constructivist and Vygotsky’s socio-constructivism theories made 

up the conceptual framework that guided this study. Teachers’ attitudes, perceptions, and 

experiences with mathematics; content and pedagogical knowledge; and understanding of 

effective instruction before and after attending a PD course were examined in this case 

study. Five teachers who attended a weeklong PD course focused on building their 

content and pedagogical knowledge were interviewed before and at the conclusion of the 

course to gauge how their perceptions of mathematics changed as a result of their 

experience. Data were analyzed using open coding to generate themes leading to 7 major 

findings. The findings indicated that the course had a positive effect on teachers’ 

perceptions of mathematics and gave insight into which elements were most effective, 

such as opportunities to engage in rich tasks in small groups while an experienced 

facilitator guides the learning. The findings from this study may affect positive social 

change by helping to design math PD that equips teachers with mathematical content and 

pedagogical knowledge in ways that relieve their anxiety about teaching mathematics and 

ensure better instruction for students. 
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Section 1: The Problem 

Elementary mathematics instruction in the United States has been criticized for 

not developing a strong mathematical foundation for students for more than 40 years 

(Taton, 2015). A large part of the challenge is that many elementary teachers are 

generalists responsible for teaching all subjects. Teacher training programs are designed 

to give preservice teachers a well-rounded experience with all aspects of elementary 

education. This broad approach may not allow for extensive courses in mathematics. 

Therefore, many teachers lack a broad conceptual understanding of mathematics, which 

affects their perceptions of the subject (Chapman, 2015). When teachers have negative 

perceptions of mathematics, it can affect how they approach teaching it and their desire to 

seek out professional learning experiences to deepen their own understanding of it 

(Andrews & Brown, 2015; Malinsky, Ross, Pannells, & McJunkin, 2006). But the 

Common Core State Standards for Mathematics push for a focus on building students’ 

conceptual understandings through meaningful, rich experiences (Peterson & Ackerman, 

2015), so teachers who lack a conceptual basis may need to build their mathematical 

content and pedagogical knowledge.   

Professional development programs may not take teachers’ perceptions into 

account so that they have long-lasting, sustainable effects on mathematics instruction 

(Polly, Neale, & Pugalee, 2014). Therefore, it is critical that professional development 

providers understand how different aspects of these experiences affect teachers’ 

perceptions of mathematics because if they do not see themselves as math capable, they 

are less likely to engage in sustained professional growth in mathematics (Chapman, 
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2015). This information can help providers of professional development design more 

effective experiences by incorporating and emphasizing the elements that help teachers 

feel more positive about the teaching of mathematics (Wenig, 2016). For example, if 

teachers report feeling better about math after gaining critical insights about a challenging 

mathematical idea from an exploration via visual representations, then developers of 

professional learning may want to include more opportunities for teachers to explore with 

visual representations.  

In Section 1, I discuss the relevant issues that make up the local problem and then 

explain the rationale for the study. Key terms will then be defined followed by discussion 

of the significance of the study. Next, I will discuss the research questions (RQs) and a 

review of the current literature related to the proposed study. Section 1 will end with a 

discussion of the implications of the study and a summary of Section 1. 

The Local Problem 

Negative perceptions about mathematics may affect how teachers teach the 

subject, how much time they spend on the subject, and how well they teach it. The 

professional and graduate programs in mathematics teaching at a local liberal arts college 

in Massachusetts, which I organize and facilitate for the Master of Arts in Mathematics 

Teaching programs, are designed to develop teachers’ mathematical content and 

pedagogical knowledge. The target audience is kindergarten through eighth grade 

teachers from across the United States who attend the trainings in person or online. The 

programs serve hundreds of classroom teachers each year and gives a sense of teachers’ 

needs and the challenges facing professionals working in K to 8 mathematics. For 
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instance, the elementary teachers who attend the professional development courses at the 

college often express a dislike for mathematics, and some anxiety about teaching 

mathematics is evident among approximately 25% of participants. These teachers’ math 

anxiety often manifests itself as apprehension around engaging in mathematical tasks in 

front of colleagues and a general nervousness around the course material, which is 

frequently present at the start of the seminars (see Andrews & Brown, 2015). However, 

teachers overall report a positive experience by the end of the training, though there are 

no specific data to suggest what influenced their perceptions of mathematics.  

In addition to teachers having a general dislike and anxiety for the subject, state 

testing data reveal that local students’ struggles with mathematics. For example, several 

of the graduate students and participants in the professional learning offered at the 

college teach in the local community. The data reported from the Department of 

Elementary and Secondary Education in Massachusetts for the 2016 to 2017 academic 

year indicate a gap in practice because 72% of fifth graders are not meeting the state 

mandated scores in mathematics (Massachusetts Department of Elementary and 

Secondary Education, 2017). The administrators in the district are sending more teachers 

to one or more of the courses offered in the local college program in the summer in hopes 

of addressing this local problem. One principal who wrote to me on January 24, 2017 

said,  

It’s frustrating because when it comes to professional development for language 

arts, teachers flock to it and I cannot get enough subs to cover the number of 

teachers that want to go. But nobody wants to do math. Our ELA scores are fine 
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but everyone wants to go to reading workshops or writing workshops. How can 

we get teachers just as excited about math? That’s what I’m looking for.  

This sentiment is shared by many administrators and math coaches who contact me 

looking for professional learning experiences in mathematics for their teachers. However, 

although I have anecdotal evidence to say that teachers’ experiences with the college 

professional development courses leave them feeling positive, there are no specific data 

that show how the courses affect teachers’ perceptions of mathematics.  

In addition to this evidence from my experience, researchers have identified a 

problem in teachers’ negative perceptions of mathematics (Andrews & Brown, 2015; 

Finlayson, 2014; Jameson & Fusco, 2014). Many elementary teachers have high levels of 

math anxiety (Andrews & Brown, 2015; Malinsky et al., 2006), and teachers with high 

levels of math anxiety tend to have a poor attitude toward math and math instruction 

(Jameson & Fusco, 2014). Studies have shown that math-anxious teachers spend 

significantly less time teaching math concepts and problem-solving strategies and spend 

50% less time teaching math than those comfortable with the subject (Finlayson, 2014; 

Sloan, 2010). This significantly affects student achievement because students with 

anxious teachers receive less instruction (Finlayson, 2014; Sloan, 2010). Teachers’ math 

anxiety may also affect the quality of mathematics instruction because math anxious 

teachers tend to focus on teaching procedures for solving problems rather than 

developing students’ understanding of the concepts underlying those procedures 

(Finlayson, 2014; Geist, 2015; Sloan, 2010). 
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Additionally, many elementary teachers lack the deep content and pedagogical 

knowledge needed to teach mathematics well (Campbell & Malkus, 2011; Ma, 2010; 

Reid & Reid, 2017). This knowledge gap is partly a result of the requirements of teacher 

training courses that prepare elementary teachers to be generalists regarding curriculum 

(Bell, Wilson, Higgins, & McCoach, 2010). Elementary teachers are responsible for 

teaching all subjects; therefore, teacher preparation programs give preservice teachers 

broad and brief experiences in the various content areas (Novak & Tassell, 2017; Sloan, 

2010). But when teachers have a solid conceptual understanding of math and how their 

students learn, they are more effective in teaching the subject and their students perform 

better in the classroom (Bartell, Webel, Bowen, & Dyson, 2013; Hill, Rowan, & Ball, 

2005; Santagata, Kersting, Givvin, & Stigler, 2011). Having one or two courses focused 

on mathematical concepts and math instruction is not enough time to help teachers 

develop the content and pedagogical knowledge needed to teach math well (Malinsky et 

al., 2006; Reid & Reid, 2017). For teachers to develop their knowledge and skills in 

mathematics, it is imperative that they participate in ongoing, high-quality professional 

development. 

The professional development program that the local college offers is designed to 

develop teachers’ mathematical content and pedagogical knowledge. During the program 

teachers work on mathematics tasks that have been designed specifically for adult 

learners to help them develop a deep conceptual understanding of the mathematical ideas 

in the course. When teachers develop a deeper understanding of mathematics, their 

negative attitudes are reduced (Looney, Perry, & Steck, 2017). Then the participants 
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explore written and video-based case studies of kindergarten through eighth-grade 

students engaging in similar mathematical tasks. This experience is enhanced because the 

participants have both the lens of the learner and the teacher as they interact with the 

course materials. Finally, teachers then reflect on their own curriculum materials and 

consider how they will change elements of their teaching practices to help students 

develop a deeper understanding of the material. By focusing on developing mathematical 

content and pedagogical knowledge, participants gain a rich understanding of the 

mathematics they teach and a clearer sense of how students learn.  

As teachers persist in the professional development experience and persevere 

through challenging experiences, they begin to make sense of a subject that for so long 

may have been a source of stress and anxiety in their lives (Thornton, Crim, & Hawkins, 

2009; Wenig, 2016). At the end of each course many teachers report that they had a 

positive experience. But what is not understood is which aspects of the professional 

learning experience have the greatest effect on teachers’ perceptions of mathematics and 

how those perceptions have changed. The only feedback the local college receives is 

from a generic feedback form that asks participants to rate the instructor, the course 

material, and course methodologies. Thus, this study aimed to gather more specific data 

about how each element of the course affected participants’ perceptions of mathematics.  

Rationale 

Principals and superintendents who send teachers to the professional development 

program also share my concern that more than half of their elementary teachers have 

negative perceptions of mathematics and believe that these views are preventing them 
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from making more gains with students in their classrooms. The principals and 

superintendents have expressed a desire for teachers to develop more positive 

dispositions related to mathematics in addition to increasing teachers’ the mathematical 

content and pedagogical knowledge. In consultation with local and national 

administrators who send teachers to the program along with feedback from my teaching 

staff, it became evident that teacher perception is an area that I should address. Teachers’ 

negative perceptions of mathematics was a common theme during discussions, but the 

professional development team have been unable to determine what elements of the 

courses contribute to changing teachers’ perceptions. Thus, there was a need to address 

the problem of the study to more effectively support the teachers who join the program.   

The problem of teachers having negative perceptions of mathematics is not 

limited to the schools and districts that send teachers to the program. This is a systemic 

challenge that exists throughout the country. Khaliqi (2016) and Center for Research in 

Mathematics and Science Education (2010) described a problematic cycle in elementary 

mathematics education. The author contended that teachers with an inadequate 

mathematics background using weak K to 12 materials produce high school graduates 

who have deficits in their mathematical understanding. Some of these graduates decide to 

become teachers and are not given adequate training in mathematics; therefore, the cycle 

continues (Viadero, 2010; Zager, 2017).  

As schools continue to struggle with mathematics and as national and 

international test scores continue to indicate a strong need for improvement in 

mathematics, the research community works to understand the problem and investigate 
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possible solutions to it (Blank & de las Alas, 2010; Reid & Reid, 2017). Over the last two 

decades, much has been uncovered about the importance of elementary teachers’ 

mathematical content knowledge and comfort with the subject (Hill, Rowan, & Ball, 

2008; Taton, 2015). Providers of professional learning in mathematics are also gaining a 

better understanding of how professional development can improve teachers’ 

mathematical content and pedagogical knowledge (Bartell, Webel, Bowen, & Dyson, 

2013; Doerr, Goldsmith, & Lewis, 2010; Hill, Rowan, & Ball, 2008). Researchers point 

to the importance of professional development to address negative perceptions of 

mathematics among elementary teachers. For example, Novak and Tassell (2017) as well 

as Cave and Brown (2010) discussed the positive effects of content-focused professional 

development for teachers. There is also an indication of the strength in partnerships 

between school and colleges for mathematics professional development (Reid, 2013; 

Trent, 2012). Professional development networks can also have a positive effect on the 

development of mathematics teacher leaders which in turn support school improvement 

goals (Barrett, 2013; Rieckhoff & Larsen, 2012).  

The purpose of this study was to gain a deeper understanding of what elements of 

professional development aimed at deepening teachers’ mathematical content and 

pedagogical knowledge have the greatest effect on moving teachers toward more positive 

perceptions of mathematics. It was important to know what professional learning 

experiences resonated with teachers and actually shifted how they view mathematics. A 

greater understanding of positive and negative learning experiences of participants in my 

courses can influence how these courses are revised and how new courses are created. By 



9 

 

redesigning the course to maximize experiences that influence positive dispositions 

toward mathematics, teachers will be better prepared and motivated to make shifts in 

their teaching practices.  

Definition of Terms 

Conceptual understanding: Knowledge that is rich in relationships among key 

facts and ideas in mathematics. All key ideas and understandings are linked in a network 

(Bartell et al., 2013).  

Math anxiety: A form of state anxiety that is prompted and exacerbated by 

mathematical experiences (Isiksal et al., 2009). Baloglu and Kocak (2006) described the 

three sources of math anxiety: situational factors that are external and immediate; 

dispositional factors that are internal and personalized; and environmental factors that 

include individuals’ attitudes, prior perceptions and experiences.  

Professional development: Teaching and learning experiences that are facilitated 

by an instructor and are designed to support the development of professional knowledge, 

skills, and dispositions. These experiences could also include learning experiences that 

address the application of this knowledge in practice (National Professional Development 

Center on Inclusion, 2008). 

Significance of the Study 

Elementary principals in the local area reported that they were not seeing 

significant shifts in teachers’ practices, which they attributed to a lack of professional 

learning in mathematics. However, they also reported that it was hard to convince 

teachers to enroll in courses in mathematics because many had negative perceptions of 
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the subject. When faced with the choice of going to a mathematics conference or a 

language arts conference, their teachers overwhelmingly registered for language arts. If 

local teachers need professional development in mathematics, but they may be reluctant 

to take mathematics courses because of negative perceptions of the subject, then it was 

imperative that I find ways to change teachers’ perceptions of mathematics (see Wenig, 

2016). Understanding what elements of these experiences result in changes to teachers’ 

perceptions of mathematics can help develop course structures and modify existing 

courses to address the problem of negative perceptions.  

Improving mathematics professional development is also important because 

students in the United States consistently underperform in mathematics compared to their 

international counterparts in other developed countries (Hanushek, Peterson, & 

Woessmann, 2010; Stephens, Landeros, Perkins, & Tang, 2016; Vistro-Yu, 2013). In a 

globally competitive economy, success in the fields of science, technology, mathematics, 

and engineering are essential to the economic stability of the United States (Harris, 

Sithole, & Kibirige, 2017). The lag in performance on state mathematics tests presents a 

major challenge to educational leaders looking to bolster students’ achievement and the 

United States’ standing.  

One way to address low performance in mathematics is through professional 

development for teachers to boost their mathematical content and pedagogical knowledge 

and to increase quality of their instruction (Garet et al., 2016; Reid & Reid, 2017). 

Teachers who engage in professional development aimed at increasing their 

understanding of their students’ thinking showed a significant increase in the proportion 
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of time spent devoted toward classroom discussions to boost students’ understanding 

(Lachner & Nückles, 2016; Perry & Lewis, 2010). Professional development for teachers 

in mathematics can contribute greatly to students’ mathematical achievement (Cave & 

Brown, 2010; Lachner & Nückles, 2016). Therefore, it is imperative to understand the 

components and qualities of these experiences that are most effective in shifting teachers’ 

perceptions of mathematics.  

Research Questions  

If teachers have an aversion to mathematics and mathematics instruction, they 

may be less likely to enroll in a professional development program emphasizing that 

subject, which means they may be less likely to change their attitude toward mathematics 

and how they approach teaching it. This problem led to the following RQs:  

RQ1. Prior to attending the professional development course, how do teachers 

describe their attitudes, perceptions, and experiences with mathematics? 

RQ2. How do teachers who attended a professional development course  

describe their mathematical content knowledge? 

RQ3. How do teachers who attended a professional development course 

describe their understanding of effective mathematics instruction? 

RQ4. How do teachers who attended a professional development course 

describe their attitudes, perceptions, and experiences with mathematics? 

RQ5. How do teachers who attended a professional development course 

describe the effect of the experience on their learning, teaching practices, 
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their perceptions of mathematics, and their perceptions of mathematics 

instruction? 

The answers to these questions helped me plan mathematics professional 

development courses and modify existing ones to address the gap in practice in 

mathematics in the state. To date, no specific researchers have identified these elements 

in their studies and a qualitative case study supported the work to achieve this end.  

Review of the Literature 

The literature review was compiled after reading articles related to the following 

search terms: math anxiety, professional development in mathematics, negative 

perceptions of mathematics, elementary mathematics teachers, constructivism in 

mathematics teaching, mathematics teaching, and professional learning in mathematics. 

This literature reviewed contains a blend of current literature ranging from 2016 to 2020 

along with seminal pieces from which the conceptual framework derives.  

The review is organized in five sections. The first section outlines the conceptual 

framework for this study. The next section looks at literature referencing the effects of 

effective professional development in mathematics. Then I explore the range of support 

for teachers and how it affects teachers’ professional learning and implementation of new 

teaching methodologies. Next, I review literature related to teachers’ perceptions of 

mathematics as it relates to the problem identified in this study. Finally, as much of the 

literature focused on teachers’ math anxiety, I review the current literature on the effects 

of math anxiety on mathematics teaching.  
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Conceptual Framework 

There are two theories that form the conceptual base for this study. The first is the 

constructivist theory that originated from the work of Jean Piaget (1957) and has been 

developed by other theorists over the years such as Jerome Bruner (1966). Bruner like 

Piaget maintained that learning is an active process in which students draw upon prior 

knowledge and experience to construct new concepts or ideas. The other theorist whose 

work influences the conceptual base is Lev Vygotsky (1978), who also subscribed to the 

fundamentals of constructivism as he developed his own theory of socio-constructivism 

involving the zone of proximal development (ZPD). The ZPD in mathematics refers to 

the distance between the actual and the potential level of development in students 

(Danish, Saleh, Andrade, & Bryan, 2017). In other words, it is the area between what a 

student already knows and what he or she can reasonably learn next. When teachers 

provide students tasks that fall within their ZPD, students have more opportunities to 

make mathematical discoveries and develop a conceptual understanding of the material 

(Malik, 2017) 

The mathematics professional development in this study is rooted in 

constructivism and emphasizes the importance of working within students’ ZPD. This 

approach helps teachers see the value of instruction that focuses on students making 

meaningful mathematical connections (Mntunjani, Stanley, & Sibawu, 2018). Teachers 

who have a poor attitude toward mathematics do not use teaching methodologies that 

allow students to make sense of the material (Meryem, 2017). A constructivist approach 
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to mathematics professional development can influence the attitudes of teachers toward 

the subject. 

Using a constructivist approach in professional development promotes 

collaboration, participation, active learning, and reflection among participants especially 

when they are provided authentic tasks that explicitly connect to prior knowledge and 

understanding (Toraman & Demir, 2016). This has implications for teacher engagement 

in the sessions and more broadly to shifts in their learning. Additionally, when 

professional development providers use the constructivist approach with adult learners, 

they are modeling the same teaching methodologies that teachers should be using in their 

classrooms. Thus, participating teachers can experience constructivist teaching from the 

learner’s perspective. For instance, though most teachers have experienced teacher-

centered learning when they were students, they prefer teaching and learning that was 

student-centered, involved group work and collaboration, and aligned with constructivist 

views that promote active learning (Sahin & Özpinar, 2020). These findings should be 

considered by educators that design professional development programs.  

Ulrich, Tillema, Hackenberg, and Norton (2014) emphasized the active and 

interactive nature of humans and how they affect learning. They contend that participants 

continually construct their own mathematical schemes from active experiences building 

upon and modifying prior systems of schemes. Another assertion from this study is that 

changes in schemes take time and multiple experiences. Therefore, any meaningful 

professional development programs must take these findings into account.  
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Using the constructivist framework, the professional development in mathematics 

must build on teachers’ prior knowledge and experiences. Teachers should be engaged in 

meaningful tasks that allow them to collaborate with their colleagues and continually 

construct their learning. The professional development must also provide a variety of 

learning experiences over time, so teachers have opportunities to shift their thinking. 

With these structures in place, the professional development should provide teachers with 

the support they need to develop a more favorable view of mathematics. 

In addition to the theories that inform the conceptual framework, there are many 

elements related to professional development and teachers’ perceptions of mathematics 

that are applicable to this project study. These include elements of effective professional 

development in mathematics, support for teachers, elementary teachers’ perceptions of 

mathematics, and math anxiety in elementary teachers. The following review of the 

literature will touch on each of these critical elements and discuss what is currently 

known in the field regarding this work.  

Elements of Effective Professional Development in Mathematics  

Many forms of professional development are available to teachers, and 

researchers have been working to identify which forms and elements are most successful. 

There is a lot of emphasis on outcomes of student performance in the classroom and on 

standardized testing. For example, Polly et al. (2018) found a correlation between 

teachers engaging in professional development in mathematics and an increase in their 

students’ achievement. In an earlier study, Lindvall (2017) found that when professional 

development models are designed specifically for a particular audience (e.g., elementary 
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teachers), there are positive results on students’ achievement, but when the same model is 

applied to teachers from another grade band (e.g., middle school teachers), the results can 

be negative. A similar positive effect on student achievement was noted when teachers 

engaged in professional learning and had support through coaching (Hill, Bicer, & 

Capraro, 2017). 

Other researchers also identified a link between teachers’ mathematical content 

knowledge and its effect on students’ achievement in mathematics (Reid & Reid, 2017). 

Reid and Reid (2017) and Garet et al. (2016) found that increasing teachers’ 

mathematical knowledge for teaching had a positive effect on students’ scores in 

elementary grades. Tchoshanov et al. (2017) also noted that students who had teachers 

with a strong conceptual understanding of mathematics scored far better on mathematics 

assessments than students with teachers who were considered to have low content 

knowledge for teaching mathematics. Additionally, Cueto, Leon, Sorto, and Miranda 

(2017) found a link between teachers’ mathematical content knowledge and student 

achievement and stressed the importance of teachers having strong pedagogical 

knowledge as well.  

Another key element of professional development that has had a positive effect on 

student achievement is the direct application of the work to the actual classroom 

(Jayanthi, Gersten, Taylor, Smolkowski, & Dimino, 2017). Though making pedagogical 

shifts in teaching practices can create more work as teachers need to revise or recreate 

lesson plans, when teachers create lessons during the professional development sessions 

that have an immediate application to their classrooms, teachers have used higher-level 
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problem-solving instructional strategies, and students have performed better on 

assessments (Jayanthi et al., 2017). Allowing teachers to plan for instruction while 

engaged in professional learning reduces some of the workload of teachers and 

encourages them to implement the new ideas in their classrooms.  

Structures for Professional Learning 

Other researchers have focused on the effect professional development had on 

teachers and identified critical elements professional development providers should 

consider. Prast, Van de Weijer-Bergsma, Kroesbergen, and Van Luit (2018) found that 

multidimensional professional development focused on math knowledge, diagnostic 

competence, teaching methods, and classroom management improved teachers’ skills at 

differentiating instruction for their students. This approach modeled how to differentiate 

instruction for students by giving teachers an opportunity to experience differentiated and 

dynamic professional learning. When teachers are given time to collaborate with grade 

level teams in a workshop format, they are more likely to implement new teaching 

practices in their classrooms (Timmons-Brown & Warner, 2016).  

Further, guided inquiry during professional development has improved teachers’ 

mathematical knowledge and teaching practices (Chin, Lin, & Tuan, 2016). When 

teachers experience guided inquiry from the lens of a student, they develop a deeper 

appreciation of such methodologies and are more likely to implement them in their 

classrooms. Additionally, explicit work on guided inquiry can lead to teachers learning to 

develop and facilitate engagement with inquiry-based mathematical tasks (Cosby, 

Horton, & Berzina-Pitcher, 2017).  
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Intensive mathematics institutes or mathematics studios can also help teachers 

learn the necessary skills to teach mathematics effectively in the classroom (Lesseig, 

2016). The confidence gained by learning the mathematics content through specific 

constructivist approaches has increased the integration of these methodologies in 

participants’ classrooms. The institutes and studios give teachers access to many different 

instructional strategies with which they previously had little or no experience. There is a 

positive correlation between these professional learning models and teachers’ confidence 

in teaching various mathematics concepts (Lesseig, 2016). 

Effect on Student Learning 

Current research on professional development in mathematics and science has 

shown how it affects student learning. A combination of collaboration, professional 

reading, clear documentation, critical colleagues, and time can help teachers learn about 

and implement teaching practices that support student-centered learning (Davidson, 

2019). This work is critical because districts and schools are spending a lot on 

professional development, and it is helpful for them to know what kinds of professional 

development have the strongest influence on student learning gains. Additionally, 

improving and enhancing professional development is an important goal in education.  

Many researchers and practitioners have tried to merge theory and practical 

knowledge to provide specific suggestions for improving professional development, but 

there may be a lack of empirical evidence to back up these arguments (Hill, Beisiegel, & 

Jacob, 2013). Most short-term efforts in professional development lack empirical 

evidence of success and are not supported by expert opinion, creating the need for more 
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comprehensive, content-focused programs (Hill et al., 2013). However, evidence of more 

robust professional development on student achievement requires further research (Hill et 

al., 2013).  

Though there is a lack of research on which elements of professional development 

are most successful, there has been evidence that programs focused on both content and 

pedagogical knowledge had a more significant influence on student gains than those that 

focused on only content knowledge or only pedagogical knowledge (Hill, 2007). Another 

aspect of student learning that has been explored was students’ abilities to engage in 

small group collaboration as learners (Tabach & Schwarz, 2018). When teachers have 

been given opportunities to experience facilitated learning, they have developed better 

skills at facilitating learning for their students (Tabach & Schwarz, 2018). Additionally, 

collaborative models of professional development have supported teachers’ use of 

effective teaching strategies and have had a positive effect on student performance 

(McNeill, Butt, & Armstrong, 2016). 

Support for Teachers 

A critical component of professional development is the implementation of new 

learning in the classroom along with support from instructional leaders. Drust (2013) 

highlighted the effectiveness of having strong leadership in schools along with flexibility 

and support for new teaching methodologies in assuring professional development 

improved student achievement. Gersten, Taylor, Keys, Rolfhus, and Newman-Gonchar 

(2014) found that involving school leaders with a team of mathematics experts and 

professional development providers to design and implement the professional 
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development experiences allowed for a more thoughtful and cohesive approach that 

resulted in long-lasting change. On-site professional development supported by 

administrators and other instructional leaders has also be shown to benefit students and 

encourage teachers to avoid isolated teaching practices (Gersten et al., 2014). Samford 

(2013) shared that for teachers to make a new teaching strategy part of their regular 

repertoire, they need to know the theory behind it, see the strategy demonstrated, relate 

the new practice to current strategies, and receive support on-site during their initial 

attempts to implement the new approach. 

Another form of ongoing support for teachers is professional development with a 

mathematics coaching component. Simpson and Linder (2014) discovered that 

implementation of new teaching strategies learned in professional development sessions 

was greatly increased when supported by a coaching model. Matching coaches and 

teachers together in the same professional learning experiences also proved to be 

effective in supporting long-term implementation of new teaching methodologies because 

the coaches were able to use the experience to support the teachers in their work (Parker, 

2014). Gibbons and Cobb (2017) found that many activities math coaches and teachers 

can do together, including book studies, co-planning, rehearsals, and observations with 

feedback fit the criteria for high quality professional learning. However, the authors noted 

that some activities, like coaching cycles are often not fully implemented because 

teachers and coaches find scheduling all the components of it difficult.  

Effective teaching hinges on a process of continuous learning on the part of the 

teacher through professional development opportunities, support with implementation 
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from the school system, and comprehensive efforts of the entire community to create a 

strong learning community (Day, 2013). Additionally, adding components that involve 

teachers reading research on innovative teaching practices is an essential part of ongoing 

professional growth for educators (Jansen & Bartell, 2013). Additionally, teachers must 

be allowed and encouraged to pursue personal professional development to improve their 

practice and pedagogical work (Postholm & Wæge, 2016)). This autonomy provides 

ownership of the professional learning and is more likely to lead to actual change in 

practice. School system administrators should welcome teachers’ input into their own 

personal learning goals in an effort to get more teacher buy-in and strengthen the 

likelihood that the professional learning will lead to sustainable change.  

Elementary Teachers’ Perceptions of Mathematics 

Research regarding elementary teachers’ perceptions of mathematics indicates 

that negative feelings and even some degree of math anxiety are present even before 

teachers enter the profession. Mcdermott and Tchoshanov (2014) asked preservice 

teachers to draw themselves teaching and learning mathematics and most of the images 

were of a negative nature. Mcdermott and Tchoshanov also noted that a lack of real-

world connections to mathematics was a large contributing factor of this negativity. 

Shriki and Patkin (2016) also found a lack of intrinsic motivation among elementary 

school teachers to attend professional development in mathematics due to teachers’ 

inability to see the connections between the professional development and their own 

growth as math teachers. 
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Other contributing factors toward teachers’ negative perceptions of mathematics 

and resistance to change are the cultural routines and patterns associated with schools, 

teaching, and learning that have been embedded in the culture of the United States as 

soon as students enter formal schooling (Le Cornu, 2016). In other words, teachers have 

spent thousands of hours in schools as students and have preconceived notions of what 

mathematics teaching looks like and what their role is in teaching it. Professional 

development and teacher education can work to help teachers shift those beliefs as Knaus 

demonstrated in a 2017 study. Knaus (2017) found that when teachers’ content 

knowledge improved through professional learning, their perceptions of mathematics 

became more positive.  

Teachers’ perceptions and attitudes toward mathematics could be positively 

influenced through collegial reflections on mathematical structures and relationships 

(Luebeck, Roscoe, Cobbs, & Scott, 2017). In professional development settings, this 

means providing ample time for teachers to interact with colleagues to articulate their 

understanding of mathematical structures and relationships, connect these ideas to 

concrete representations, and apply these new understandings to their grade level content. 

The research by Brown (2016) revealed that there is a positive relationship 

between elements of cognitively guided instruction in professional development settings 

and a change in teachers’ negative perceptions of mathematics. Brown’s research 

included 56 teachers involved in four 5-week cycles of intensive mathematics 

professional learning. When teachers engaged in this work during professional learning 
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experiences, they developed a more positive disposition toward mathematics (Brown, 

2016). 

Interesting discoveries about teachers’ perceptions on their own mathematical 

abilities came from Pain (2015). Pain found that significantly higher student achievement 

in mathematics is influenced by teachers’ perceptions of the meaningfulness in a 

professional development program. Levi-Keren and Patkin (2016) discovered that 

teachers’ perceptions of mathematics and professional development improved when they 

could see a clear benefit for their students. Sawyer (2017) found that a combination of 

professional development, classroom teaching experiences, and past experiences as a 

student contribute to teachers’ positive perceptions of mathematics.  

In another study, Gresham (2018) discussed the factors that contributed to a 

positive attitude toward mathematics. One key factor was the amount and quality of 

professional development experiences for teachers. Additional factors that supported 

positive attitudes were years of teaching, smaller grade ranges, departmentalization, and 

repeated years teaching the same grade level. The implications of Gresham’s study for 

districts highlight the need to provide consistent and ongoing professional development 

as well as supporting teachers by allowing them to focus on one grade level for several 

years.   

Literature pertaining to elementary teachers’ perceptions of mathematics is 

limited. What is available raises the issue that negative perceptions do exist and there is 

some correlation between professional development experiences and a change in 

teachers’ perception over time. However, there is a dearth of information regarding what 
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specific elements of the professional development experience have the most influence 

over this change. This is a key reason the project study was designed to investigate this 

question.  

Math Anxiety in Elementary Teachers 

In searching for articles pertaining to teachers’ perceptions of mathematics, I 

found studies about math anxiety and elementary teachers. One key factor influencing 

teachers’ negative perceptions of mathematics is math anxiety (Andrews & Brown, 

2015). Many of the researchers studied preservice teachers, but the findings are consistent 

with research on inservice teachers regarding the effects of math anxiety and methods for 

reducing it. 

Math anxiety is common at colleges and universities, especially among 

elementary preservice teachers (Karunakaran, 2020). Math anxiety manifests itself when 

the sufferer encounters quantification or other forms of mathematics (Andrews & Brown, 

2015). Symptoms include nausea, hearth palpitations, and paralysis of thought. To 

understand the factors that contribute to math anxiety, Andrews and Brown (2015) 

examined math anxiety of preservice teachers. Andrews and Brown used the 9-Item 

Abbreviated Math Anxiety Scale with 180 college freshmen. The Abbreviated Math 

Anxiety Scale was developed by Vahedi and Farrokhi (2011). Andrews and Brown 

(2015) concluded that female students exhibited more anxiety than male students in 

college mathematics classes and non-traditional students exhibited more anxiety than 

students between the ages of 18 and 22. With regard to educational majors, the 

researchers found that students who majored in early childhood exhibited more math 
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anxiety than secondary education majors. An implication of Andrews and Brown’s study 

is that new early childhood and elementary teachers are likely to require significant 

professional development to overcome or reduce their math anxiety. Stoehr (2017) noted 

that a challenge for teachers with math anxiety is that while professional development 

may help to reduce anxiety, teachers with it may avoid professional learning experiences 

in mathematics.  

Geist (2015) looked at the effects of math anxiety on teachers’ perceptions of 

their mathematics abilities and how teachers approach the teaching of mathematics in the 

classrooms. The results of the study showed that the more anxiety a teacher possesses, the 

less he or she views himself or herself as capable in mathematics. Additionally, Geist 

found that the more confident a teacher is in his or her ability at mathematics, the more 

likely the teacher is to use developmentally appropriate methods of teaching in the 

classroom. Schubert (2019) found that a combination of poor teaching practices, math 

anxiety, and negative attitudes toward mathematics can be passed down to students from 

teachers.   

The results of Geist’s (2015) study showed a marked difference in anxiety levels 

among inservice and preservice teachers who participated in courses that developed 

mathematics content knowledge. Factors that specifically affected a decrease in anxiety 

included the instructor’s methodology, field experience and peer group lessons, the 

instructor’s disposition, and the classroom atmosphere. Ruef, Willingham, and Sweeny 

(2019) found that math anxious teachers can feel better about the subject when given 

opportunities to develop a conceptual understanding of it.  
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Math anxiety is a crippling condition for mathematical learners and teachers. The 

literature indicates that a cyclical structure exists whereby students with math anxiety 

who grow to become teachers with math anxiety, pass on their anxiety to students 

through poor instructional methodologies based on their limited knowledge and 

understanding of the mathematics they teach. The suggested treatments for math anxiety 

as presented in the research can be applied to professional development experiences to 

address this issue with inservice teachers. 

Conclusion 

The review of the literature confirmed the existence of negative perceptions of 

mathematics among elementary teachers and indicated that a correlation between 

professional development and changes in perception exists. However, research on how 

specific elements of professional development experiences affect teachers’ perceptions is 

limited. Studies on the components of professional development focus on how the 

elements affect student achievement or teachers’ knowledge. While this information is 

helpful, it does not help professional development providers who want to create courses 

that address the issue of negative perceptions. 

The correlation between negative perceptions, math anxiety, and less effective 

instructional methodologies is strong. If professional development providers seek to 

change teachers’ practices, then knowing how different elements from professional 

development experiences affect teachers’ perceptions is critical. If providers of 

professional development can identify those elements that have the greatest influence, 
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then they can highlight them when developing courses, workshops, seminars, and other 

forms of professional development for teachers.  

Implications 

This study has implications for me and my staff in the local context, but it also 

has implications in the larger context for mathematics coaches, professional development 

providers, and higher education faculty that work with preservice and in-service teachers. 

By learning the components and subtle nuances of mathematics professional development 

that contribute to either a positive or negative perception of mathematics, educators that 

design these experiences will have better knowledge of what works to create positive 

perceptions and what hinders teachers’ perceptions of mathematics. This information can 

help professional development designers modify existing professional development 

experiences as well as create new versions in ways that develop more favorable 

perceptions of mathematics and mathematics teaching.  

As a result of this project study, existing courses and professional development 

experiences in the program will be modified to better meet the needs of the teacher 

participants. The information from this study will inform revisions to individual courses 

as well as the overall structure of the graduate program. The findings from this study will 

also be shared with students in the courses because most of them are teacher leaders in 

mathematics within their schools and are responsible for creating and leading 

professional development in their districts.  

It is possible that the findings could lead to creating a project that entails 

modifying the same course that the participants in the study took because the data will be 
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most specific toward that experience. We run that course multiple times during the school 

year so changes could be implemented right away. Depending on the results of the study, 

modifications can be made to the mathematical explorations, the case study analyses, the 

teaching practices, and/or the teacher reflection elements of the course.  

In addition to local implications for this study, there are a variety of options for 

how the information learned from this project study can be shared with the greater 

community of professional development providers in mathematics. One possibility is to 

present the findings at the National Council of Supervisors of Mathematics Annual 

Meeting. This information would be valuable in professional circles of teacher educators 

who are charged with creating engaging and effective professional development sessions 

in mathematics.  

Summary 

Educators have a crisis in mathematics education in the United States that is 

affecting students in the K to 12 systems (Jordan, 2014). This crisis is in part due to an 

inconsistent level of training and expertise on the part of K to 5 teachers (Tasdan & 

Koyunkaya, 2017). Elementary teachers tend to be generalists by trade and some lack the 

deep level on training in mathematics education needed to teach that subject well. 

Additionally, many elementary teachers report a dislike for the subject of mathematics 

(Andrews & Brown, 2015).  

To address the inconsistent level of training mentioned above, it is imperative that 

teachers have significant professional development experiences to improve their 

mathematical content and pedagogical knowledge (Reid & Reid, 2017). Various forms of 
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professional development in mathematics are available with varied levels of effectiveness 

and appeal to teachers (Barnes & Solomon, 2014). To design and implement the most 

effective forms of mathematics professional development, educational leaders must 

identify the components of these experiences that are most effective in altering teachers’ 

negative perceptions of mathematics and mathematics instruction (Andrews & Brown, 

2015). Therefore, this qualitative study is being proposed with the purpose of 

understanding the components of professional development in mathematics that 

contribute to positive shifts in teachers’ perceptions of mathematics. 

The following sections will address the remaining components of the project 

study. In Section 2, the methodology will be explained in detail. Section 3 will address 

the project itself along with its implications. Finally, the paper will conclude with Section 

4 where I will include my reflections on what was learned and what still needs further 

study.  
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Section 2: The Methodology 

The local problem prompting this study was teachers’ negative perceptions of 

mathematics, which was a focal point for both me and my teaching staff at the local 

college as we considered how to revise the professional development courses. To gain a 

better sense of the key components of the courses that contribute to reducing negative 

perceptions and increasing positive ones, it was most helpful to have in-depth interviews 

with participants before and after their attendance in a course in last summer’s session at 

the local college. 

Research Design and Approach 

This qualitative case study was conducted to understand the components, if any, 

that contributed to developing teachers’ positive perceptions of mathematics. This 

method was selected over others because the purpose of the project study was to gain a 

deeper understanding about the courses by studying a group of teachers who had a 

common experience. Subjects were interviewed at the beginning and end of a 

mathematics course focused on developing teachers’ mathematical content knowledge to 

gauge how the mathematics professional development affected their perceptions of 

mathematics. An analysis of the data was conducted to look for common themes.  

I considered other qualitative research methods at the onset of this study; 

however, they did not seem as effective when considering the goal of understanding how 

the experience of a group of teachers affected their perceptions of mathematics 

instruction. An ethnographic study would not have been appropriate as I was not seeking 

to understand how a small group of people was influenced by society but to gain a better 
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understanding of a group of people who were having the same experience at the same 

place and time (Creswell, 2009; Merriam & Tisdell, 2015). Similarly, a 

phenomenological study would not have been appropriate because I was not exploring a 

phenomenon and considering the experiences of those related to it (Merriam, 2009). 

Finally, grounded theory was also deemed inappropriate for this study because I was not 

seeking to develop a theory from the research but instead planned to gain a better 

understanding of teachers’ perceptions (Creswell, 2009; Patton, 2015). None of these 

other methods would have supported my goal of developing a better sense of how a 

specific group of participants were affected by participating in a course and how that 

experience influenced their perceptions of mathematics.  

The decision to use a qualitative study over a quantitative study was made 

primarily because my goal was to understand the subtle nuances of teachers’ experiences 

in the program rather than a statistical analysis of those experiences. I had considered 

descriptive survey research because it does aim to describe people’s behaviors, 

perceptions, attitudes, and beliefs about a current issue in education (see Lodico, 

Spaulding, & Voegtle, 2010). However, this approach would not have allowed me to look 

for themes that emerged from the way participants described their experiences, which 

was a key goal of my project study.  

I also considered experimental research to see if one design of professional 

learning had a greater outcome over another design (see Lodico et al., 2010). Though 

these quantitative methods might have allowed me to measure the effectiveness of a 

particular course design or measure a correlation between certain variables, these 
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approaches would not have supported my goal to develop a broad and rich understanding 

of a particular group and their experience in a specific setting (see Lodico et al., 2010). 

Thus, I made the decision to focus on a qualitative case study method for this work. 

In this qualitative case study, I sought to understand specific aspects of 

professional learning in mathematics that have the greatest influence on teachers’ 

perceptions toward mathematics and mathematics instruction. The qualitative case study 

method was ideal for this study because case studies provide individual insights around 

an event through multiple sources of evidence (Yin, 2014). Case study research is used to 

address a phenomenon like a program, activity, professional learning engagement, 

situation, or event (Hancock & Algozzine, 2006). In this study, I examined a professional 

learning course as a specific event and focused on how elements of this course affected 

the teachers participating in the course. Additionally, case studies are bound by place and 

time (Patton, 2015), which in this study was a specific professional learning course at a 

specific institution. Therefore, the characteristics of a case study were aligned to 

characteristics of the study.  

Participants 

Subjects for this study were selected from teachers who attended one of the 

mathematics professional development courses hosted at the local college during the 

2018 summer session. Subjects were five teachers from Grades K to 5 from around the 

country. My goal was to have at least five teachers participate in this study to give a 

broad range of perspectives, and between four and 10 teachers is ideal for a qualitative 

case study if one is looking to conduct an in-depth analysis (see Stake, 1995).  
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Of the five who participated in the study, three were experienced teachers who 

have had a significant number of professional learning experiences in mathematics. They 

chose the program to deepen the knowledge and perfect their craft as skilled math 

teachers. One participant was a veteran teacher who did not have a lot of professional 

learning experiences in mathematics. The final participant was a new teacher who also 

did not have much experience with professional learning in mathematics.  

Procedures for Gaining Access to Participants 

Registration for the summer courses occurred between March and June of 2018. 

When teachers registered for the program, they provided their name, e-mail address, 

school mailing address, and phone number. Once I received Walden University 

institutional review board approval (Approval No. 06-28-18-0163288), I contacted the 

registered participants via e-mail and shared the participant letter to let them know about 

the study and asked if they would like to participate. The letter also included a statement 

of consent. They were instructed to submit the signed consent form to both me and my 

administrative assistant via e-mail.  

This process continued until I had eight participants who agreed to the study. I 

was hoping for between six to eight participants for the study in case a few needed to 

back out. This was a good strategy because I had three teachers decide they could not 

participate. Each participant was then contacted to schedule an interview before the start 

of the course and another interview at the completion of the course.  
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Methods for Establishing Researcher-Participant Working Relationship 

I am the director of the mathematics professional development program at the 

college. In this role, I create and modify courses; hire, train, and supervise the teaching 

faculty; recruit participants; and oversee all logistical planning for the courses and the 

summer program. I typically do not teach the courses, so I did not have any direct or 

perceived power over the participants. Grades and feedback came directly from the 

course instructors.  

To establish personal connections with the summer program participants, I 

communicated with them prior to coming to campus via e-mail and through video 

messages. I also set up phone calls and video chats with those who preferred to meet to 

ask questions or work through some logistics. As a result of this early communication, 

most participants knew me and established a personal connection with me before the 

summer courses began. Additionally, once participants were on campus, I met with them 

informally as I visited classrooms and when we had breaks and ate lunch together.  

Through these personal connections, I hoped to put participants in the study at 

ease, so they were comfortable talking with me during the interviews. Additionally, the 

interviews were conducted online or in the conference room outside my office. The 

online option and conference room location made it convenient and allowed participants 

to have some privacy from the colleagues during the interviews. If a participant was not 

comfortable for any reason prior to or during the interviews, they had the option to back 

out of the study at any time with no consequences. I had two participants back out, but 

both were due to scheduling issues.  
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Measures for Ethical Protection of Participants’ Rights 

Measures for ethical protection of the participants began when I received approval 

from the institutional review board at both Walden University and the local college where 

the study occurred. Other measures included informed consent and confidentiality. All 

participants were briefed on the details related to the study and had the option to 

withdraw from the study without penalty. I distributed and collected consent forms prior 

to the first session for active participants attending the course last summer. The course 

facilitators did not have knowledge of who chose to participate, and they did not have 

access to any data collected pertaining to the study. This ensured that participants’ grades 

were not swayed as a result of participating or not participating in the study.  

All participants’ information was and will be kept confidential and under lock and 

key. Anytime I reference participants in the study, pseudonyms are used in place of real 

names. At the conclusion of the project, all identifiable information will be locked in a 

filing cabinet in my locked office. Only I have access to my office. After 5 years, the 

information will be destroyed. There is a low risk of harm for participants in this study 

because the coursework and professional development experience were the same that all 

participants received regardless of their participation in the study.  

Data Collection 

Interviews consisted of open-ended questions and were scheduled with the 

participants of a mathematics professional learning course at the college in 2018 who 

agreed to participate in the study. The interview questions were designed to help me 

gauge the perceptions of mathematics prior to taking the course and how their 
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experiences in the course influenced their perceptions of mathematics and mathematics 

instruction (see Appendix B). The purpose of opened-ended questions was to capture 

details and nuances from participants (Patton, 2015). All participants who signed 

informed consents and who were interviewed are included in the study.  

The one-on-one interviews were conducted by me prior to the start of the course 

and again at the conclusion of the course. The questions for the interviews were self-

designed and contained questions aimed at understanding the elements of the professional 

learning that had the greatest influence on the participants. To establish sufficiency of the 

data collection instruments to answer the RQs, the interview questions were aligned to 

the RQs (see Appendix B).  

Interviews were recorded and transcribed by me at the conclusion of each 

interview. Transcriptions were done in Microsoft Word, printed, and then put in a binder 

separated by dividers for each participant. The binder is kept in a locked file cabinet. 

Each recording was stored on an external hard drive that was password protected. The 

hard drive is currently stored in a locked filing cabinet. Once all the interviews were 

completed, I began coding them. 

I read the transcripts from the printed pages in the binder and noted emerging 

understandings on sticky notes that marked passages of interest. These emerging 

understandings were then recorded in a Microsoft Word document and digital pictures of 

the sticky notes were included as a backup. Each subsequent review of the transcriptions 

was included in another section in the Word document and was cataloged accordingly.  
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Role of the Researcher 

My role at the college began as a visiting lecturer in the Psychology and 

Education Department. In that capacity, I created and taught the mathematics methods 

course for the undergraduate students in the teachers’ licensure program. I was then hired 

as the assistant director of Professional and Graduate Education Programs in mathematics 

and later promoted to director of the same program. In this capacity, I run the 

professional development program and the Master of Arts in Mathematics Teaching 

program. 

My work involves creating and modifying courses; hiring, training, and 

supervising the teaching faculty; recruiting participants and graduate students; and 

overseeing all logistical planning for the courses and programs. My direct role with 

participants in the professional development courses is limited to scheduled appointments 

or calls prior to the start of the course and informal conversations during breaks and 

lunch once the course has begun. My role with graduate students is more formal as I also 

serve as their advisor and instructor at times.  

I was concerned that my role as advisor and instructor in the graduate program 

might affect or influence how participants might respond. To address this concern, I 

ensured that the participants in the study were only teachers taking the course for 

professional learning or graduate students who were no longer taking courses from me. 

Additionally, I ensured that I would not teach the professional development courses and 

would not have any direct control over participants’ learning experiences, grades, or any 

other type of feedback they received in the course.  
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Data Analysis 

I used narrative data analysis techniques to analyze the data collected from the 

interview transcriptions (Hancock & Algozzine, 2006). This approach was chosen 

because it is an inductive process that allowed me to move from detailed data to 

generalized codes and themes (Connelly, 2013). A key component of this study was to 

gauge teachers’ perceptions of mathematics. Therefore, it was important that data were 

coded and analyzed first in a way that considered the participants’ perspective. The data 

also needed to be coded and analyzed using my expertise and perspective and then 

compared with the results from the first analysis (Merriam, 2009). Repeating these steps 

helped create comprehensive concepts that could be integrated into a coherent 

explanatory model (Bazeley, 2009).  

To conduct this analysis, I transcribed each recorded interview using Microsoft 

Word and reviewed the transcriptions to ensure accuracy. This process took significantly 

longer than I anticipated, and I experimented with multiple formatting structures, but this 

process helped me analyze the data because of the number of times I needed to listen to 

each participant’s responses. I read through each transcription to first get a general sense 

of the material and noted emerging understandings on sticky notes that marked passages 

of interest (Miles, Huberman, & Saldaña, 2013). Next, I went back through the 

transcriptions and divided the text into segments of information before labeling the 

segments with codes (Miles et al., 2013). These emerging understandings were then 

recorded in a Microsoft Word document and digital pictures of the sticky notes were 

taken as a backup. Each subsequent review of the transcriptions was included in another 
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section in the Word document and each review was cataloged accordingly. I conducted 

another round of review then reduced overlap and redundancy of codes and then 

collapsed the final codes into themes (Patton, 2015).  

Accuracy and Credibility 

Several steps were taken throughout the process to ensure my findings were both 

accurate and credible. These assurances are important in a qualitative study because 

researchers must convey a sense of trustworthiness and promote confidence that they 

have accurately captured the event or phenomenon being studied (Shenton, 2003). The 

key step in this process is implementing tactics to help ensure honesty from participants 

when they are being interviewed (Shenton, 2003). These steps include establishing a 

rapport with participants to put them at ease, reminding participants that there are no right 

or wrong answers, conveying to participants that the researcher has an independent status 

and cannot affect their grades or credibility in the program based on responses, and 

reminding participants that they can withdraw from the study at any time. I made sure to 

do each of these steps with the participants (Shenton, 2003). 

Additionally, I implemented peer debriefing to broaden my perspective and 

recognize any biases or preferences I may exhibit (Shenton, 2003). My colleague who is 

a well-known researcher in the field of mathematics education agreed to debrief with me 

after I conducted interviews and after rounds of data analysis. She also helped me 

identify flaws in this study (see Shenton, 2003). This colleague signed a confidentiality 

agreement before assisting with the study.  
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Establishing transferability is an important step in conveying the trustworthiness 

of the data. Transferability is challenging in a qualitative study because the small number 

of participants and environments (Merriam, 2009). However, it is important for the 

researcher to convey as much information about the setting, participants, researcher, 

methods employed, number and length of data collection sessions, and the time period 

over which the data were collected as a means of supporting attempts at transference 

(Cole & Gardner, 1979). Then when similar studies are done, the accumulation of the 

findings will contribute to a larger understanding that applies to a greater population 

(Shenton, 2003).  

This issue of dependability is equally challenging in a qualitative study because 

the published descriptions apply to a specific event and population (Shenton, 2003). This 

challenge can be addressed by describing the elements of the study in great detail so 

future researchers can replicate it (Shenton, 2003). I included detailed descriptions of the 

design and implementation of the study as well as reflective appraisal of the project based 

on the recommendation of Shenton (2003).  

To ensure confirmability, I followed the recommendation of Shenton (2003) who 

stressed the importance of detailed methodological descriptions so readers can determine 

if the data emerging from a study can be accepted. One method I employed was to 

include an audit trail so readers can trace my steps and perhaps replicate the methods in a 

future study (Shenton, 2003). The audit trail is in the form of a detailed diagram focusing 

on the data and how the data were gathered.  
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Discrepant Data 

Accounting for discrepant data is a critical step that allows researchers to broaden 

and confirm patterns emerging from data analysis (Patton, 2015). I planned to address 

discrepant data through deviant case analysis where I would work to refine my analysis 

until I was able to specify the reasons for the discrepant data (Patton, 2015). This might 

have required multiple rounds of analysis but would have helped account for instances 

when data gathered from a participant differ greatly from the rest of the sample (Patton, 

2015). Although I had a plan for discrepant data, there was not any in the study. 

Data Analysis Results 

The impetus of this study was the problem that many elementary teachers seem to 

have negative perceptions of mathematics and this, in turn, affects how they teach the 

subject. This problem led to the development of the RQs aimed at understanding why 

teachers feel the way they do about mathematics. From there, I designed interview 

questions for participants before they came to campus for the summer courses to gauge 

their perceptions of mathematics and to understand why they feel the way they do about 

mathematics.  

To analyze the data, I began by reading each transcription and highlighting 

repeated words and phrases. Through continuously reading the text and reflecting on the 

similarities and differences between the responses, emerging patterns and themes 

developed. I examined and interpreted these themes and patterns to see how they 

contributed to answering my RQs (see Lodico et al., 2010).  
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Three themes emerged from the data for RQ1, two themes from RQ2, three 

themes from RQ3, two themes from RQ4, and three themes from RQ5. From these 

themes, I identified seven findings which address the five RQs and the local problem 

which initiated the study. In the section that follows, I discuss the findings and support 

them with examples from the data gathered from the interviews. I assigned pseudonyms 

(Participant 1-5) to protect the identity of the participants. Prior to the start of the course, 

the five participants fell into two groups. Three of them had a more positive disposition 

toward mathematics while two of them expressed negative feelings. The positive group 

was made up of more experienced teachers who had lots of experience with professional 

learning in mathematics while the other two (one veteran and one novice teacher) had no 

prior professional leaning in mathematics. I will describe these two groups as the 

experienced participants (Participants 1-3) and the inexperienced participants 

(Participants 4 & 5). In reviewing the transcripts from the interviews, I uncovered various 

themes and findings that relate to the local problem and the RQs. I organized the themes 

and findings in a table (see Table 1) to make the connections between the themes and 

finding clear. The narrative analysis that follows discusses the themes and findings in 

detail.  
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Table 1 

 

Themes and Findings 

Research questions Themes Findings 

RQ1: Prior to attending the 

professional development course, 

how do teachers describe their 

attitudes, perceptions, and 

experiences with mathematics? 

Less experienced teachers have negative 

perceptions of mathematics, 

 

Teachers’ prior experiences with 

mathematics as students was didactic and 

emphasized rote memorization. 

 

Teachers did not have a love of 

mathematics as students. 

1. Teachers’ prior 

experience with mathematics 

contributed to a dislike of or 

ambivalence toward 

mathematics.  
2. As teachers gain 

more experience with 

mathematics through 

professional learning and 

work with students, their 

perceptions of and attitudes 

toward mathematics improve. 

RQ2: How do teachers who attended 

a professional development course 

describe their mathematical content 

knowledge? 

Teachers feel they have an adequate 

understanding of basic mathematics. 

 

Teachers recognize their conceptual 

understanding of mathematics needs 

development, especially related to 

fractions and integers. 

3. While teacher 

participants entered the 

profession with adequate 

knowledge to functionally do 

mathematics, they lacked the 

deep conceptual 

understanding needed to teach 

math at a much deeper level.  
RQ3: How do teachers who attended 

a professional development course 

describe their understanding of 

effective mathematics instruction? 

Teachers recognize the way they were 

taught (emphasis on rote memorization) is 

not effective in supporting students’ 

conceptual understanding.  

 

Teacher see their role as being facilitators 

of learning rather than deliverers of 

knowledge.  

 

Teachers understand the importance of 

visual representations and concrete 

manipulatives as sense-making tools for 

students.  

4. Teachers see that 

they need to teach for 

conceptual understanding but 

recognize that requires them 

to deepen their own 

conceptual understanding of 

mathematics as well.  
5. Teachers need more 

experience with concrete tools 

and visual representations as 

learners, so they know how to 

better use them with students.  

RQ4: How do teachers who attended 

a professional development course 

describe their attitudes, perceptions, 

and experiences with mathematics? 

Teachers have a more positive perception 

of mathematics following their experience 

in the course. 

 

Teachers feel like they now see more 

possibilities for engaging their students in 

mathematics.  

6. As teachers deepen 

their understanding of 

mathematics, their feelings 

and attitudes toward the 

subject become more positive.  

RQ5: How do teachers who attended 

a professional development course 

describe the effect of the experience 

on their learning, teaching practices, 

their perceptions of mathematics, 

and their perceptions of mathematics 

instruction? 

Small group work with colleagues was 

integral. 

 

Strong course facilitators that guide the 

learning rather than present knowledge. 

 

Rich mathematical tasks contributed to 

their engagement and learning as teacher 

participants. 

7. Teachers want 

opportunities to engage in rich 

tasks in small groups, so they 

experience mathematics as 

learners while an experienced 

facilitator guides the learning. 
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It was clear from all the interviews, that everyone had math experiences as 

students that emphasized rote memorization, fact fluency, worksheets, lots of direct 

instruction from their teachers and mostly individual work with very little collaboration 

with classmates. While the inexperienced participants  said this type of math created 

anxiety and a strong dislike for the subject, the experienced participants were more 

ambivalent about it. They did not hate math, but they also did not think it was very 

exciting. All participants agreed that this way of experiencing math was not what any of 

them want for their students.  

Despite the traditional nature of their experiences as math learners, the three 

experienced participants did report having a positive perception of the subject as adults. 

They attributed it to developing a better understanding of mathematics as teachers which 

made them appreciate the subject more. The two inexperienced participants mentioned 

that math still gave them feelings of anxiety and it was not their favorite subject to teach. 

The inexperienced teachers attributed the high-pressure nature of how math was taught 

and the fact that they were never really taught to understand the content. The focus was 

on memorization, so math was not something ever really understood.  

All participants reported that they believed their content knowledge of math was 

adequate but added that their knowledge was mostly procedural. None of them reported 

feeling they were experts in the field, but they felt they had enough content knowledge to 

teach elementary mathematics. A thread that seemed to emerge was a sense that 

participants were okay with memorizing procedures in school until the mathematics 

become more complex in high school and then things became difficult for them. This was 
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a common story and led participants to develop the sense that math needs to be taught 

differently.  

The three experienced participants expressed confidence when asked about how 

they feel about teaching math while the two inexperienced participants were more 

hesitant. It should be noted that the three participants have had significantly more 

professional learning experience than the other two and they referenced those experiences 

as having an influence on how they teach math. When asked what their teaching was like 

before those professional learning experiences, the experienced teachers reported that 

they taught in traditional ways that emphasized rote memorization rather than conceptual 

understanding.   

None of the participants referenced any meaningful experiences in the teacher 

preparation that supported them to be more effective math teachers. Two of the 

experienced participants even said they did not have any math methods courses as part of 

their initial licensure program. It was difficult to glean much from this portion of the 

interview because the participants struggled to recall much from their undergraduate 

experiences in mathematics.  

In general, prior to the start of the course, the experienced participants had a 

positive disposition toward mathematics but were not necessarily teaching the way they 

knew math should be taught. They registered for the course to learn how to teach math in 

a way that developed students conceptual understand and enjoyment of the subject. The 

inexperienced participants had more of a negative disposition toward math but were 

hopeful to change that through their experiences with the course.  
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Research Question 1: Teachers’ Attitudes, Perceptions, and Perceptions Prior to 

Course  

RQ1: Prior to attending the professional development course, how do teachers 

describe their attitudes, perceptions, and experiences with mathematics? 

Finding 1. The first finding revealed that teachers’ prior experiences with 

mathematics as students contributed to either a dislike of the subject or ambivalence 

toward it. As stated earlier this is largely due to the didactic nature of the math instruction 

the participants received when they were students along with an overemphasis on speed 

and accuracy. One participant, Participant 4, captured this sentiment by stating, “That 

aspect (emphasizing speed) always felt a little out of place to me because I’ve always 

been someone who liked to take time to consider things and our math program 

emphasized a lot of processing speed.” This overemphasis on speed during early math 

experiences was consistent with each participant.  

Participant 4 and other participants attributed this emphasis on speed to the 

feelings of math anxiety they have as adults. Another related aspect was the lack of 

relevance and contextual connections in mathematics class. All participants made 

references to mathematics being isolating and lacking real-world applications. During 

Participant 5’s interview, the participant said, “Math was presented in a way where there 

weren’t any relationships or connections to people or the world. So, everything seemed 

really out of context.” Without direct connections to contextualized situations, 

participants were often taught mathematics as a series of abstract ideas without rich 

meaning. 
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Finding 1 is critical to the project because it reveals that many participants come 

to the courses with either neutral or negative perceptions of mathematics. Although 

participants come from various locations throughout the country and have all had unique 

experiences as mathematical learners, they had common negative experiences that 

contributed to their negative perceptions of mathematics. This finding also reinforced the 

local problem I identified which stated that many classroom teachers have negative 

perceptions of mathematics.  

Finding 2. As teachers gain more experience with mathematics through 

professional learning and working with students, their perceptions of and attitudes toward 

mathematics improve. This finding emerged in both the pre and post-course interviews. 

Prior to the course starting, the inexperienced participants described their negative 

feelings toward the subject. These participants had not had many professional learning 

experiences in mathematics and lacked significant experience working with students. 

However, after the weeklong course, both inexperienced participants expressed a 

significant shift in their perceptions and attitudes toward mathematics.  

In his post-course interview, Participant 4 stated, “Math now provokes more of a 

sense of possibility than in the past. I think probably because we dove very deeply into 

how these ideas developed in a very non-linear fashion.” Participant 4’s description 

highlighted a structure of the course that allowed for meaningful connections between 

lots of different mathematical ideas. The math work in the course is generative, meaning 

the participants generate many of the key mathematical ideas identified in the course 
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objectives. As a result, the discussions weave together a mosaic of different yet related 

ideas about particular problems or areas of mathematics.  

During the pre-course interviews, the experienced participants described how 

their feelings toward mathematics improved as they engaged in professional learning and 

gained more experience through their work with students. They all came to the course 

with prior experiences in mathematics professional learning, so their perceptions and 

attitudes were more positive at the onset compared to the inexperienced teachers. 

However, even the experienced participants reported a significant change in their 

perceptions based on their work in the course.  

Participant 1 described her perceptions of math after taking the course in the 

following way: “I get excited. I feel challenged when I’m asked to do math problems or 

tasks and I really like that. I definitely like to work through things to figure them out so 

overall math is a pretty pleasant experience for me.” Participant 1’s description highlights 

the richness of the math tasks from the course. The math work teachers do in the course 

are either open-middle or open-ended tasks. Open middle refers to tasks where everyone 

starts with the same problem that has a specific solution, but they can approach the 

problem in any way that makes sense to them. Open-ended tasks have various solutions 

and/or conjectures and allow for lots of exploration. Participant 1 found this work to be 

extremely engaging and the participant became more excited about doing math this way.  

In her post-course interview when asked about perceptions of mathematics, 

Participant 2 said, “I just love it. I’m excited to do it. I love getting a problem that I don’t 

know the answer to, and I really like doing the math with other people.” This was a 
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significant change from the participant’s first interview where the participant said math 

was “often just something you did to get an answer.” By the end of the course, teachers 

saw math as more than answer-getting and appreciated the exploratory nature of the 

work.  

Research Question 2: Teachers’ Descriptions of Their Mathematical Content 

Knowledge 

RQ2: How do teachers who attended a professional development course describe 

their mathematical content knowledge? 

Finding 3. While teacher participants entered the profession with adequate 

knowledge to functionally do mathematics, they lacked the deep conceptual 

understanding needed to teach math at a much deeper level. This sentiment was echoed 

across all interviews both before and after the course. Participant 2 said, “In middle 

school, I realized that while I always got really good grades and did really well enough, I 

didn’t really know what I was doing. If I made a mistake, I could not fix it.” The 

participant later reflected, “As a new teacher, my content knowledge was very surface 

level. I really didn’t have much of an understanding and I didn’t have a lot of tools. I’d 

like to go back and apologize to every single student that I had because it (my teaching) 

was very surface level.” This acknowledgement of the importance of teachers’ 

mathematical content knowledge is significant because it highlights how the more 

teachers know about the math they teach, the more confident they are in teaching it.  

Participant 5 expressed similar feelings as Participant 2 in reflection. Participant 5 

said, “When I came out of high school, the only thing that I felt very, very solid and 
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confident in was statistics.” The participant attributed this to the fact that statistics was 

contextualized and that is how the participant made sense of ideas. For Participant 5, 

most math was not presented in contexts or shown through representations that allowed 

the individual to see how ideas were related. As a result, Participant 5 did not really have 

a firm grasp on mathematics. When Participant 5 became a teacher, the participant had to 

relearn a lot of the mathematics needed to teach. This process helped give the participant 

deep conceptual understanding needed to teach math in a better way than the participant 

was taught.  

All participants recognized how important it is for them to continue their learning 

of mathematics so they could get a deeper understanding of the concepts they teach. This 

was especially true for more difficult concepts like operating with fractions and integers. 

Participant 1 described thinking of those ideas as very formulaic before taking the course. 

The participant said the course helped to understand why the formulas work and now 

Participant 1 can help students develop the same understanding.  

Research Question 3: Teachers Understanding of Effective Mathematics Instruction 

RQ3: How do teachers who attended a professional development course describe 

their understanding of effective mathematics instruction? 

Finding 4. Teachers saw that they needed to teach for conceptual understanding 

but recognized that requires them to deepen their own conceptual understanding of 

mathematics as well. This finding is related to Finding 3 because it addresses the gap in 

teachers’ conceptual understanding of mathematics. However, this finding is different in 

that it describes how teachers believe they need to change their practice.  
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The biggest shift that each participant recognized was that math instruction really 

needs to be a facilitated learning experience versus an explained process if students are 

going to develop a conceptual understanding. Their conclusions were a result of 

experiences they had with the mathematics as learners, where the facilitators did not do 

direct teaching and instead led the participants through engaging tasks that required them 

to work to develop their understanding of the underlying mathematical ideas.  

Participant 2 reflected on experience in the course by saying, 

The facilitators here are really good with wait time. That’s when a lot of the 

learning happens, and the connections are exploding in our heads. That’s where it 

happens and we [teachers] just don’t take enough time to pause and do that with 

our students.  

The wait time Participant 2 referred to happens when facilitators ask questions and allow 

the participants to have a significant amount of time to reflect and think about the 

questions before looking for a participant to share their ideas.  

This idea of the facilitators asking questions, letting participants reflect, and then 

facilitating the discussion where the ideas are coming from the participants and not the 

facilitator resonated with many of the participants. Participant 1 commented, “I definitely 

want to try some of the things that we did in class and push my students’ thinking the 

same way the facilitators pushed ours.” This highlighted a useful structure from our 

courses where teachers get to experience this work as learners which helps them 

appreciate what it is like to engage in meaningful mathematical work.  
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Participant 4 reflected on experience collaborating with other colleagues during 

the course and how that affected his own learning. The participant said,  

We all learn differently and this course really raised that for me. When we were 

working together, one of my colleagues might have solved a problem in a way 

that I would not have considered. I learned from them that it could have been 

solved in a way that was more advanced than what I might have been wrestling 

with, but it made sense to me. I think children probably work in much the same 

way.  

Participant 4’s insight raises the importance of collaborative groupwork in mathematics. 

As with Participant 1’s insight, Participant 4’s insight shows that when teachers have 

positive learning experiences, they consider how to create similar experiences for their 

own students.  

Finding 5. Teachers need more experience with concrete tools and visual 

representations as learners, so they know how to better use them with students. This 

finding was a result of all the positive comments participants gave about their work with 

concrete tools and manipulatives to help them deepen their own understanding of 

mathematics. Each participant referenced this work in their post-course interview. For 

participants like Participant 1 and Participant 5, who said they were more formulaic in the 

way they approached mathematics in the pre-course interview, this embrace of concrete 

tools and visual representations was a big shift for them. Participant 1 said, “I’m now 

very visual and hands-on as a learner. This experience has been really powerful for me.” 

For some teachers, concrete tools and visual representations are seen as crutches students 
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can use to help them solve problems. The work in the math course emphasizes the use 

manipulatives and visual representations as powerful tools for making sense of complex 

mathematics.  

The other three participants (Participants 2, 3, & 4) indicated that they had been 

using tools like base-ten blocks, snap cubes, number lines, and other manipulatives and 

visual representations prior to attending the course because they learned about these tools 

through previous professional learning in mathematics. In their pre-course interviews, the 

participants did reveal that prior to having any professional learning, they did not make 

use of visual representations and concrete tools. Participant 4 credited experience with 

Cognitively Guided Instruction as the first time the participant really started to appreciate 

the use of manipulatives and representations in the math classroom. Participant 2 credited 

prior work with Math Recovery training for the shift in using these tools. Participant 3 

did not cite specific trainings but said professional learning in general helped with the 

shift. 

Research Question 4: Teachers’ Attitudes, Perceptions, and Experiences with 

Mathematics? 

RQ4: How do teachers who attended a professional development course describe 

their attitudes, perceptions, and experiences with mathematics? 

Finding 6. As teachers deepen their understanding of mathematics during 

professional learning, their feelings and attitudes toward the subject become more 

positive after the experience. This shift in attitude was evident with both the experienced 
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and inexperienced participants. There was palpable excitement from the participants as 

they talked about their work moving forward in mathematics.  

A big factor that each participant said contributed to the change in his or her 

perceptions of mathematics was the type of mathematical work the participants were 

asked to do during the professional development course. The tasks and exercises required 

teachers to unpack the underlying structure of the mathematical ideas rather than focus on 

answer-getting exercises. For example, one task asked them to prove why the rule, 

“invert and multiple” worked for division of fractions. This type of work required 

participants to dig into mathematics they had procedural knowledge about but lacked the 

deep conceptual understanding. In other words, they knew that invert and multiply 

worked, but they did not understand why the procedure worked. Doing this kind of work 

allowed participants to gain a better understanding of mathematics and empowered them 

as mathematical learners because they uncovered the foundational ideas themselves. 

Participant 3 captured this greater degree of confidence in mathematics as a result of the 

work in the course by stating:  

I feel like I’ve got the confidence that I can attack any math problem…that I’ll 

know something about any math problem. I may not know everything. I may not 

get the answer quickly. I may not get to the answer at all and that’s okay. That’s 

the piece I want to pass on to my students.  

Participant 3’s statements highlight a significant element of the work in the math course 

where teachers are engaging in mathematics as learners so they can develop a broader 

and deeper understanding of the content. In addition to contributing to their own content 
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knowledge, the work appears to boost some teachers’ confidence in the subject. 

Participant 2 shared a similar sentiment by stating:  

I had surface level understandings (prior to this course) and without this 

coursework, I’d probably still be status quo. I feel like I finally get it. I feel like 

my math ideas and my theoretical understandings of how math should be taught 

are matching what I now want to be doing in my classroom. 

Participant 2’s reflections indicate an increase in confidence with both mathematics and 

math teaching. The coursework is designed to engage teachers as mathematical learners 

and math teachers. Some of the work requires participants to work through complex 

mathematics designed to develop conceptual understandings. Other work requires 

participants to analyze video and print case studies to reflect on student thinking and 

instructional strategies implemented by teachers. 

Participant 5 shared how the coursework contributed to her more positive 

disposition toward mathematics in the following reflection:  

I now have a deeper understanding of the relationship between the operations. 

prior to the class, I thought I already had a sufficient understanding of them. 

However, now I have a richer and more complex understanding. And now I feel 

like I can help my students have a better understanding. 

Participant 5 conveyed the feeling other participants expressed regarding their 

experiences as mathematical learners. When teachers develop a greater degree of 

understanding of the mathematics, they are better positioned to support their students’ 

mathematical learning. This sentiment was shared by all participants.  



56 

 

Research Question 5: Positive Elements of the Professional Learning Course 

RQ5: How do teachers who attended a professional development course describe 

the effect of the experience on their learning, teaching practices, their perceptions of 

mathematics, and their perceptions of mathematics instruction? 

Finding 7. Teachers want opportunities to engage in rich tasks in small groups, so 

they experience mathematics as learners while an experienced facilitator guides the 

learning. While professional development courses in mathematics can take on many 

forms and have several different elements ranging from lecture to hands-on, interactive 

activities, some elements have a greater effect on participants’ learning and their 

perceptions of mathematics and math instruction. Participants in this study were asked to 

comment on the aspects of the course and how these aspects affected their learning and 

perceptions of mathematics and math instruction. Three elements stood out above the rest 

as being significant contributors to participants’ learning: Small group work, strong 

facilitators, and rich mathematical tasks.  

Small group work. Small group work was the most surprising aspect of this 

study. I did not anticipate that the small group work and social aspect of collaborating 

with colleagues would be the highlight of the program for all participants. When asked 

what experiences had positively affected the participants’ learning, they discussed how 

specific elements of the courses resonated with them. Patterns emerged with multiple 

references to the work they did with other people in the course. These experiences 

included doing math together, analyzing case studies, discussing instructional moves, 

discussing one another’s students and classrooms, and informal conversations that 
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developed in small groups. While different participants highlighted different elements, 

each element referenced occurred during small group work.  

Every participant cited the power of the small group interactions that they 

experienced throughout the week. It was clearly the most exciting element for each 

participant, and it was referenced throughout the post-course interviews. It did not seem 

to matter what the specific task was for the small group interactions. Every reference to 

group work was positive. For example, Participant 2 said,  

When your learning becomes public, you learn so much more from it. You put 

yourself out there and say, “This is what I’m thinking.” and after you start sharing 

your thinking, more people are like, “I never thought of it that way.” You really 

start to respect yourself more and see yourself as a learner…and it’s so interesting 

to consider how other people think about the same ideas. 

Participant 2’s comments capture the kind of learning that results from sharing one’s 

ideas and gaining other people’s perspectives on them.  

The most common reason given for the positive reactions to the group work was 

in reference to how much the participants learned from each other in those moments. As 

Participant 1 said, “You can share more ideas because you have more time to talk…and 

with more voices, you get more perspectives.” Again, the notion of different perspectives 

surfaced and contributed to greater learning.  

There was a clear sense that participants appreciated the expertise of their 

colleagues and the nature of the group work allowed them to contribute to each other’s 

learning. As a result, they could simultaneously support one another as they grappled 



58 

 

with new ideas while collectively deepening their understandings. It was also stated by 

Participant 2 also stated that with fewer voices in the groups, it was easier to “wrangle” 

with ideas because everyone could have an active role.  

Another interesting aspect of groupwork that arose was the perspective 

participants got as learners. Each participant referenced how important it was for them to 

collaborate with colleagues and it helped them realize how necessary it is for their own 

students. The participants knew group work was an effective instructional approach 

before taking the course but experiencing group work as learners where they had to 

struggle together through complicated tasks reinforced this understanding. Additionally, 

Participant 5 also highlighted how this group work helps teachers learn how to be better 

listeners and better learners.  

Strong facilitators. Numerous references were made to the strength of the 

facilitators in the course. Some statements were just broad compliments of the quality of 

the facilitators, but most references were about specific facilitator moves or attributes of 

the facilitators. A key aspect to this finding is that the quality of the small group 

instruction was very much tied to how well the course instructors facilitated the learning 

experiences. Participant 2 captured this idea by stating,  

The facilitators kind of swoop in but they don’t tell you how to work through a 

problem. The ones that are really good are the ones that give you a new question, 

one they probably thought up ahead of time, that will help you to get unstuck.  
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Participant 2 was addressing how strong facilitators do not rescue participants when they 

are stuck on a problem. Instead they ask more questions that reengage the participants 

and help them discover the solution on their own.  

The most common compliment about the facilitators was regarding their ability to 

ask open-ended focusing questions that required participants to push the learning 

forward. The facilitators rarely lectured and never told the participants how to solve the 

problems with which they were working. Instead, the facilitators would allow the 

participants to engage in productive struggle and would provide support and 

encouragement to keep people moving forward in their explorations. The result of this 

format was captured with Participant 2’s following reflection on how the exploratory 

structure of the coursework contributed to more confidence with both doing mathematics 

as well as teaching it:  

I feel like you’re on your own journey as a learner and a teacher and (the) bottom 

line is, nobody can tell you how to do it. For me, you can tell me how to do it or 

what you think I should be doing, but I’m not going to do it until I understand it. 

And I think this course helped me understand what I should be doing for myself 

as both a learner and a teacher because we had to discover a lot of the learning for 

ourselves. 

Participant 2’s comments solidify the idea that lecture-style professional learning courses 

are less advantageous than interactive courses that allow participants to gain a deep 

understanding of the content.  
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Facilitator strategies such as asking open-ended questions, engaging participants 

in exploratory tasks, and facilitating discussions that draw on participants’ ideas rather 

than lecturing them made the experience harder for the all participants because it required 

more cognitive demand on their part. However, it is also why each participant said these 

courses pushed their thinking so far. According to Participant 2, because the heavy load 

of the work fell on participants, they were required to talk more and to refine their 

thinking so they could articulate their understandings to the larger group. The 

requirement of having participants handle most of the cognitive load during the course 

strengthened and deepened participants’ learning. 

Another key aspect of this work concerns the delicate nature of facilitating 

learning experiences without overly scaffolding the work or having the work so open-

ended participants feel as if they are floundering. As Participant 3 said,  

The facilitators that I worked with were a huge part of this course. The 

encouragement, the support, and the gentle pushing out-of-the-box way they 

taught the course was most amazing and kept me going, even when it got really 

difficult and I was thinking ‘I don’t understand. I can’t figure this out.’ That was a 

huge part. That was a huge component.  

Participant 3’s comments highlight that balance that is needed to support participants 

through challenging mathematical work.  

Rich mathematical tasks. Another central theme within this finding was the 

power of engaging in rich mathematical tasks to help participants develop the breadth and 

depth of the conceptual understanding of the mathematics in Grades K to 8. Numerous 
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references were made to the delight participants experienced as they worked to make 

sense of complex ideas and to understand why certain mathematical procedures work. 

Rich tasks, as defined by the course syllabus, are tasks that involve complex thinking and 

reasoning and require more than a standard procedure to solve.  

All five participants referenced how much deeper their knowledge and 

understanding of mathematics became from their participation in the professional 

development course. One participant went so far as to say, “We were forced to go deeper 

into the math than we were ever asked to before.”  This work did push teachers out of 

their comfort zones, but it was done in supportive ways through dynamic group work 

with accomplished facilitators guiding the experience. As a result, participants were able 

to uncover lots of new ideas related to the mathematics and push their thinking forward.  

One aspect of the work during the course that seemed to rise to the surface was 

the effectiveness of using visual representations and contexts to make sense of complex 

mathematical ideas. All participants expressed how helpful it was for them to have to 

solve problems using methods that included manipulatives and visual representations and 

then having to match the representations to the abstract mathematical procedures. 

Connecting concrete and representational thinking to abstract ideas helped solidify their 

conceptual understanding of the content.  

One other aspect of the math work that surfaced was the fact that these 

experiences helped teachers understand what math is like for their students. The 

participants had to struggle and to work through confusion. They had to consider the 

ideas of others and then work collaboratively to construct some group consensus around 
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the ideas being shared. They discovered the power of discovering mathematical ideas 

through purposeful exploration and rich mathematical tasks. These experiences helped 

deepen the participants’ resolve that all students need to experience math this way.  

After participants experienced the professional learning course, all of them 

expressed feelings of excitement at the thought of teaching mathematics. They also 

discussed the importance of teachers facilitating learning experiences for students. They 

cited their experiences as learners during the course and appreciated how the facilitators 

would guide their learning and not just lecture. The elements that stood out for 

participants from the course that they want to bring back to their classroom include: 

assigning fewer problems and going deeper with them, providing more time for students 

to work collaboratively in small groups, asking more intentional questions to get students 

talking about their mathematical thinking, using visual representations to help build 

conceptual understanding, and building off what students are doing and already know.  

A key factor that each teacher referenced was the importance of them having 

positive experiences as learners from facilitators that were doing all the above 

instructional moves. For the participants who had been teaching for a while, the 

experience served as a reminder of why these instructional decisions are important. They 

knew these instructional strategies were important but did not always use them with their 

students. The course served as a reminder of why these strategies are important and why 

teachers should ensure they use them with their students.  
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Interpretation of the Findings 

In this section, I will discuss the seven findings derived from the data and themes 

as they relate to the conceptual framework and the larger body of literature reported in 

Section 1. I will describe the ways the findings (see Table 1) confirm, disconfirm, or 

extend knowledge in the discipline.  

Relationship of findings to conceptual framework. The findings from this 

study confirmed the conceptual framework that was based on two major theories in 

education. The first is constructivism developed by Piaget (1957) and expanded by 

Bruner (1966) and the second is socio-constructivism by Vygotsky (1978). These theories 

are closely tied to mathematics and the professional development course was designed 

with them in mind. Finding 2 indicates that “as teachers gain more experience with 

mathematics through professional learning and work with students, their perceptions of 

and attitudes toward mathematics improve.” This finding connects experience with 

growth and affirms the underlying theory of constructivism. Bruner (1966) described 

learning as an active process in which students draw upon prior knowledge and 

experience to construct new concepts or ideas. Participants expressed how building off 

their own and others’ prior knowledge and experience helped shape their learning.  

Finding 4 indicates that “teachers see they need to teach for conceptual 

understanding but recognize that it requires them to deepen their own conceptual 

understanding of mathematics as well.” This finding aligns with constructivism because 

this approach promotes collaboration where participants are active learners working on 

authentic math tasks that draw upon their prior knowledge and experiences (Chitanana, 
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2012; Rupam & Gujarati, 2013). Developing a deeper conceptual understanding of 

mathematics is supported with a constructivist approach and participants in this study 

attributed their deeper learning to this experience.  

Finding 5 shows that “teachers need more experience with tools and visual 

representations as learners, so they know how to use them with students.” This finding 

aligns with ZPD, which is a component of Vygotsky’s socio-constructivist theory. In 

mathematics, ZPD refers to the distance between what students can currently do and their 

potential level of development (Danish, Saleh, Andrade, & Bryan, 2017). In other words, 

ZPD is the level between what students know and can do and what they can learn and do 

next. For participants in this study, their procedural math knowledge was already evident, 

but their conceptual understanding was not. Using visual representations to make sense of 

complex math ideas was an appropriate next step for their learning. According to the 

participants, they were able to connect this way of thinking to their own prior 

understandings and learn more as a result.   

Finally, Finding 7 shows that “teachers want opportunities to engage in rich tasks 

in small groups so they experience the mathematics as learners while an experienced 

facilitator guides the learning.” This finding aligns with Ulrich et al.’s (2014) research 

where the authors emphasized the active and interactive nature of humans and how they 

affect learning. The idea of humans wanting an active role in their learning along with 

opportunities to interact with others through the process was significant in this study. All 

participants expressed great appreciation for the social nature of the work and ascribed 

this experience as having the greatest influence on their learning.  
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Relationship of findings to prior research. Finding 1 connects teachers’ prior 

experience with mathematics with negative feelings toward the subject and aligns with 

results from previous studies. Andrews and Brown (2015), and Karunakaran (2020) noted 

that math anxiety is common among preservice teachers and develops from teachers’ 

prior experiences with mathematics as students. Participants in this project study all 

referenced some negative experiences with mathematics as learners and how it resulted in 

less positive perceptions of the subject. Participants also noted how this negative 

perception affected how they taught math to students. This admission connects with 

Geist’s (2015) findings, that teachers with higher levels of math anxiety and negative 

perceptions of the subject were less likely to use developmentally appropriate teaching 

methodologies.  

Mutodi (2014) identified connections between math anxiety and gender, noting a 

higher degree of math anxiety among female students. Participants in this project study 

were mostly female and the sample size was relatively small with only one male 

participant. This lack of representation and small sample size makes it hard to reflect on 

the gender differences. However, all five participants did report negative feelings toward 

math. Olson and Stoehr (2019) further identified high levels of math anxiety among 

preservice teachers and noted its negative effect on their confidence to be effective 

mathematics teachers. 

Finding 2 notes that as teachers gain more experience with mathematics, their 

perceptions of the subject become more positive. This is consistent with findings that 

identified a positive relationship between cognitively guided instruction in mathematics 
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and positive perceptions of the subject (Brown, 2016). The math work participants 

experienced in this study was consistent with cognitively guided instruction. All 

participants in the study also commented on the quality of the professional learning 

experience in the course. Gresham (2018) identified high-quality professional learning 

experiences as a key factor in developing more positive perceptions of mathematics 

among teachers.  

Finding 3 indicates that while teacher participants entered the profession with 

adequate knowledge to functionally do mathematics, they lacked the deep conceptual 

understanding needed to teach math at a much deeper level. All five participants reported 

this assertion and it is consistent with the findings from other studies that noted many 

elementary teachers do not have the mathematical content knowledge necessary to teach 

for conceptual understanding (Novak & Tassell, 2017; Reid & Reid, 2017). Most 

participants also reported that they spent less time, if any, using concrete tools and visual 

representations prior to taking the professional development course. This relates to the 

findings in Finlayson (2014) noting that teachers with less positive perceptions of 

mathematics were more procedural in their approach to teaching math.  

Finding 4 shows that teachers see that they need to teach for conceptual 

understanding but recognize that it requires them to deepen their own conceptual 

understanding of mathematics as well. This finding is closely aligned with Cueto et al.’s 

(2017) research noting that as teachers’ mathematical content knowledge increased, their 

confidence increased which led to the application of effective teaching practices and 

increased student achievement. Participants in the project study recognized that as their 
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knowledge grew, so did their confidence and abilities to facilitate mathematical learning 

experiences rather than directly teaching mathematical strategies to students. Cosby et al. 

(2017) also demonstrated that explicit work on guided inquiry can lead to teachers 

learning to develop and facilitate engagement with inquiry-based mathematical tasks.  

Finding 5 indicates that teachers need more experience with concrete tools and 

visual representation as learners, so they know how to better use them with students. In 

some way this finding is related to Finding 4 because both have to do with teachers being 

learners. This one specifically references the visual aspect of conceptual math learning 

and is supported from prior research. Reid and Reid (2017) identified a link between 

teachers’ mathematical content knowledge and its effect on students’ achievement in 

mathematics. Lesseig (2016) found that professional learning that engages teachers in the 

use of visual representations gave teachers access to many different instructional 

strategies with which they previously had little or no experience. Participants in the 

project study all mentioned how important the use of concrete and visual tools were in 

supporting their own learning. They also noted how using them in the professional 

learning setting helped them see how they could be used in their own classrooms.  

Finding 6 shows that as teachers deepen their understanding of mathematics, their 

feelings and attitudes toward the subject become more positive. Knaus (2017) found that 

professional learning and teacher education can positively shift teachers’ beliefs. 

Similarly, Luebeck et al. (2017) found that teachers’ perceptions and attitudes toward 

mathematics could be positively influenced through collegial reflections on mathematical 

structures and relationships. All participants in this project study commented on the 
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power of the social dynamic of the work in the course and the focus on understanding the 

underlying mathematics behind the math they teach. Finally, Brown (2016) found that 

when teachers engaged in this work during professional learning experiences, they 

developed a more positive disposition toward mathematics. Brown’s finding also aligns 

with Finding 6.  

Finding 7 shows that teachers want opportunities to engage in rich tasks in small 

groups, so they experience mathematics as leaners while an experienced facilitator guides 

the learning. Prast et al. (2018) highlighted the importance of multidimensional 

professional development that includes opportunities for teachers to engage in work that 

develops their mathematical understanding while instructors modeled effective teaching 

practices. The nature of the work of the professional development course involved small 

groups engaging in mathematical tasks with low entry points and lots of room to expand. 

In other words, the math work participants did was differentiated based on the needs of 

the participants. The experienced facilitator was able to guide the learning based on the 

needs of the different small groups. Chin et al. (2016) found that when professional 

development instructors used methods such as guided inquiry during their sessions, 

teachers were more successful in implementing these new approaches. My study connects 

with those findings because the experienced facilitator was modeling the kinds of 

interaction necessary to facilitate this learning with students. Participants noted how 

helpful it was to have the opportunity to analyze the facilitator’s instructional decisions 

and consider how they might use them in their classroom with their own students.  
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Project Deliverable as an Outcome  

The findings provided a deeper understanding of the struggles elementary 

teachers face when teaching mathematics and what they need in terms of a supportive 

professional learning experience. I have a deeper understanding of which aspects of 

professional learning appeal to teachers and which aspects are less helpful. I also gained 

insight into how important the social component of learning is for teachers.  

Based on the findings from this study, I created a 3-day professional development 

experience that is designed to meet the needs of elementary classroom teachers. For 

example, it was clear that some elementary teachers had a dislike of mathematics. Taking 

that finding into account, I will ensure that the professional learning experience has 

components that make the mathematics accessible and engaging. By having an engaging 

task with a low entry point, I can reduce the intimidation of the mathematics while 

getting teachers excited about the work. My findings suggest that this will likely increase 

teachers’ positive perceptions of mathematics.  

The 3-day learning experience will have 3 major goals. The first is to get 

elementary math teachers excited about learning and teaching mathematics. The second 

goal is to deepen teachers’ conceptual understandings of the math they teach. The third is 

to deepen teachers’ pedagogical knowledge and understanding of effective teaching 

practices in mathematics. Each of these goals relates the some of the findings from the 

study and will be discussed in depth in Section 3. 
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Conclusion 

The goal of this study was to gain a more complete understanding of the specific 

components of professional development experiences that had the greatest effect on 

teachers’ perceptions of mathematics and mathematics instruction. By gauging teachers’ 

perceptions after the professional development experience, I was able to identify what 

significant changes occurred and what aspects of the course influenced their perceptions. 

The implications of this project study have informed me on the course elements that 

influenced teachers as well as the elements that had little effect in the professional 

development course attended by the research participants. As a result, I designed a 3-day 

course based on the results of the study.  
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Section 3: The Project 

Introduction 

The 3-day course called “Beyond Answer-Getting: Exploring Mathematical 

Practices and Developing Math Reasoning with All Students” is derived from the 

findings of this study and designed to help elementary teachers feel more comfortable 

with mathematics, deepen their mathematical content and pedagogical knowledge, and 

help them develop and implement effective mathematics teaching practices. The course 

draws on teachers’ interviews about their experiences from the professional development 

course, effective elements of professional learning in the course, and the elements that 

were identified as having the greatest influence on teachers’ learning. Taken as a whole, 

the key findings that influenced that project study are that teachers need opportunities to 

deepen their own conceptual understanding of mathematics through experiences with 

concrete tools and visual representations while working collaboratively in small groups 

and an experienced facilitator guides the learning.  

In the following sections, I will explain in detail the scope and sequence of the 

course along with relevant information to clarify the purpose of selected assignments and 

experiences. I will begin by discussing the rationale for this project followed by a review 

of the relevant literature related to the project. Next I will provide a detailed description 

of the work that will happen on each day and then discuss how the effectiveness of the 

project will be measured. Finally, I will discuss the implications of the project for both 

the participants who take the course and for those individuals who teach the courses.  
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Rationale 

Table 2 shows the seven findings for a quick reference. One element that was 

identified as significantly important to teachers in the findings of this study was the social 

aspect of their learning. Teachers want to interact and collaborate with colleagues to 

extend and deepen their understanding. Though this element existed in one form or 

another in the courses, none of them really leveraged this work as a focal point. I wanted 

to design a course that made this collective group work the driving force behind the 

professional learning.  

Table 2 

 

Findings 

Finding # Findings 

1 Teachers’ prior experience with mathematics contributed to a dislike of or 

ambivalence toward mathematics. 

2 As teachers gain more experience with mathematics through professional learning 

and work with students, their perceptions of and attitudes toward mathematics 

improve. 

3 While teacher participants entered the profession with adequate knowledge to 

functionally do mathematics, they lacked the deep conceptual understanding needed 

to teach math at a much deeper level. 

4 Teachers see that they need to teach for conceptual understanding but recognize that 

requires them to deepen their own conceptual understanding of mathematics as well.  

5 Teachers need more experience with concrete tools and visual representations as 

learners, so they know how to better use them with students. 

6 As teachers deepen their understanding of mathematics, their feelings and attitudes 

toward the subject become more positive. 

7 Teachers want opportunities to engage in rich tasks in small groups, so they 

experience mathematics as learners while an experienced facilitator guides the 

learning. 

 

I also wanted to create a course that addressed Finding 1 that many teachers’ prior 

experiences with mathematics contributed to a dislike of or ambivalence toward 

mathematics. To address this concern, I wanted a professional learning experience that 

had a high level of engagement with a low level of threat. In other words, I wanted to 
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design a course that provided meaningful learning with work that is accessible and 

relatable.  

Another finding that contributed to the development of this course is Finding 7: 

Teachers want opportunities to engage in rich tasks in small groups, so they experience 

mathematics as learners while an experienced facilitator guides the learning. Based on 

this finding, the tasks, activities, and overall structure of the course were designed to 

provide ample group time with participants engaged as learners. The tasks and activities 

were chosen based on the high level of interaction and engagement they provide. The 

flow of each day builds in time for lots of collaboration with the facilitator modeling how 

to support groups and pull their ideas together to further everyone’s learning.  

Another aspect of my study that contributed to the course development were 

Findings 3, 4, and 5 that addressed teachers’ need to deepen their own mathematical 

content knowledge and they desire to do so when given the right experiences and tools. I 

wanted to make sure that teachers have meaningful mathematical tasks that would enrich 

their thinking, and I wanted them to gain more experience using concrete tools and visual 

representations to support their understanding. Giving teachers access to tools and 

meaningful work also supports Findings 2 and 6 indicating that when teachers have 

experiences like this, their perceptions of mathematics become more positive. My hope is 

that the course has this effect on the participants. 

Review of the Literature  

The findings of my study indicated that teachers are most likely to shift their 

perceptions of mathematics when they engage in professional learning that develops their 
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mathematical and pedagogical content knowledge and allows them to collaborate with 

colleagues. Based on all my findings, I reviewed the current literature on professional 

learning in mathematics to ensure the components of my project were backed by research 

and data. I used the Walden University resources to search the following databases: 

Thoreau, Routledge, ERIC, Open Access, and ProQuest Central. The terms used in my 

search were professional development, mathematics, elementary school, andragogy, 

facilitation, and math knowledge for teaching mathematics. I searched and found a total 

of 108 sources within the publication dates of 2016 to 2020 and cited 25 for this review. 

The combination of these terms through a variety of databases allowed me to reach the 

saturation point with the literature review.  

Deepening Mathematical Content Knowledge and Conceptual Understanding 

A key component of effective professional learning in mathematics is the 

development of teachers’ knowledge and understanding of the content they teach. 

Research has indicated that teachers have preferred professional learning that deepened 

content knowledge, connected theory and application, and pushed for greater 

understanding of mathematics (Martin, Polly, Mraz, & Algozzine, 2018). Additionally, 

teachers are more likely to change their practice as a result of gaining a deeper 

understanding of the mathematics (Martin et al., 2018). When teachers’ content 

knowledge is developed alongside their experiences facilitating mathematical discourse, 

representing mathematical ideas visually, and organizing instruction, their professional 

competence is enhanced (Ahuja, 2019).  
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Although there are a variety of ways to deepen teachers’ content knowledge, the 

use of visual representations and concrete models can support teachers in relearning the 

mathematics on a conceptual level (Barlow, Lischka, Willingham, Hartland, & Stephens, 

2018). Additionally, teachers need experience looking at a variety of visual 

representations of mathematical ideas and making connections between them in order to 

develop their own knowledge (Brendefur, Thiede, Strother, Jesse, & Sutton, 2016). 

Teachers’ beliefs about what is important in mathematics influences how they teach; 

therefore, when teachers experience the power of visual representations to deepen 

understanding, they are more likely to use these approaches with their students (Ahuja, 

2019).  

When teachers’ math knowledge for teaching is developed, they are more likely 

to make changes in their instructional practices with students to emphasize conceptual 

understanding (Carney, Brendefur, Thiede, Hughes, & Sutton, 2016). Giving teachers 

time to explore mathematical content as learners along with time to critically explore 

curriculum and instructional decisions is not only preferable from the teachers’ 

perspective, but it also increases the likelihood of changes in practice (Martin, Polly, 

Mraz, & Algozzine, 2019). One factor that contributes to changes in teaching practices is 

that teachers’ confidence increases as their knowledge of mathematics increases (Kutaka 

et al., 2018).  

Social and Collaborative Learning Experiences for Teachers 

Successful professional development programs include teachers engaging 

collaboratively in solving rich tasks, exploring representations, and communicating 
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mathematical thinking through argument (Biccard, 2019), as it is important to include a 

component of collaboration among colleagues as teachers construct new ideas 

(Holmqvist, 2017). Teachers draw on the ideas of others within their learning network, 

and they need time to work collaboratively with one another in professional learning 

settings (Anderson, 2019). This finding is particularly true for teachers’ work around 

connecting visual representations, concrete models, and abstract ideas because the more 

variety of ideas teachers explore, the deeper their learning becomes (Barlow et al., 2018). 

Thus, providers of professional development need to include multiple opportunities for 

teachers to interact during their trainings (Walker, 2018). Active participation and 

collaboration not only supports teachers’ learning, but it also can shape how their 

teaching practices evolve (Garcia et al., 2018). Collaboration through the sharing of 

ideas, lesson planning, and reflection on teacher and student learning has a significant 

influence on teachers’ professional growth (Gee & Whaley, 2016). Additionally, having 

colleagues for support during professional learning can also ameliorate some anxiety 

teachers might feel as they engage in mathematics (Kutaka et al., 2018). For example, 

Perdomo-Diaz, Felmer, Randolph, and González (2017) found that teachers’ peer 

interactions while solving problems involving fractions increased their comfort due to 

collaborative support.  

Engaging as Learners with an Experienced Facilitator 

A crucial component of effective professional learning is credibility and expertise 

of the leader facilitating the experience (Goos, Bennison, & Proffitt-White, 2018). When 

teachers have engaged in mathematical tasks with an experienced and knowledgeable 
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facilitator, their math knowledge for teaching increased (Goos et al., 2018). Facilitators of 

professional learning need to have detailed knowledge of the subject matter and an 

understanding of how teachers’ can apply their learning in their own classrooms (Jacobs, 

Seago, & Koellner, 2017).   

Further, when teachers experience mathematics as learners and then practice 

facilitating these experiences with their peers, they shift their own instruction away from 

direct teaching methodologies to more student-centered approaches (Tabach & Schwarz, 

2018). By giving teachers opportunities to engage in exploration-focused mathematics, 

there are gains in teachers’ knowledge of how to facilitate this work with students and the 

amount they posed demanding tasks and asked high-level questions (Polly, 2017). When 

teachers have experienced teaching practices as learners, they were more likely to enact 

those same practices in their own classrooms (Perdomo-Diaz et al., 2017).  

Connections to the Classroom 

When professional learning includes components that help teachers connect their 

learning to their own classrooms and reflect on practical application of the new ideas, 

teachers shift their practices (Bonghanoy, Sagpang, Alejan, & Rellon, 2019). When 

professional learning and readings have been coupled with classroom application through 

collaborative lesson planning, observation, and debriefing, teachers’ knowledge and 

sense of professional community grew (Lesseig, 2016). Effective professional learning 

draws from the collective and collaborative experiences of the teachers and connects the 

work to their classroom settings so teachers can apply the new ideas (Mhakure, 2019). 
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One way to build connections to the classroom and consider practical application 

is to draw upon teachers’ stories of classroom experiences (Mohan & Chand, 2019). 

Researchers have found the teachers’ instructional practices improve when they share 

stories of classroom experiences with colleagues in a professional learning setting 

(Mohan & Chand, 2019). Additionally, when teachers share their own experiences with 

colleagues, while also reflecting on the beliefs about inquiry-based learning, it can 

contribute to more positive perceptions of inquiry-based learning (Maass, Swan, & 

Aldorf, 2017). Therefore, teachers need ample opportunities to see connections between 

the work they do during professional learning and their own practice and teaching 

contexts (Kutaka et al., 2017). 

Conclusion 

This study aimed to address the local problem of elementary teachers having an 

unfavorable view of mathematics. The findings of this study indicated that teachers want 

experiences to collaborate with colleagues as they deepen their mathematical content 

knowledge. They want to learn from knowledgeable and experienced facilitators and 

consider how to apply their learning to their own teaching contexts. These findings are 

consistent with the current literature on professional learning in mathematics (e.g., Ahuja, 

2019; Kutaka et al., 2018; Martin et al., 2018; Martin et al., 2019). In the project that I 

developed, I considered the study findings and the ideas from recent research in the field.  

Project Description 

The project is a 3-day course designed to deepen teachers’ mathematical and 

pedagogical content knowledge (see Appendix A). The course is also designed to 
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improve teachers’ perceptions of mathematics and develop their confidence to teach it 

well. The course may be a positive experience for teachers and encourage them to invest 

more time and energy in mathematics professional learning. The course draws on my 

findings from this study as well as current research from the field.  

Participants in the course will be active learners, and the instructor will serve 

mostly as a facilitator guiding participants through interactive and engaging activities and 

math tasks. The work is designed so that participants will uncover the key ideas and make 

discoveries as they collaborate with colleagues. The instructor will interact with groups 

and draw from the participants ideas to orchestrate meaningful discussions that bring key 

ideas together. This instructional design mirrors how teachers can facilitate their own 

mathematics classes so participants can experience this kind of learning from the 

perspective of the student. 

The first day of the course will focus on the changes in math classrooms today 

compared to the way the participants were taught when they were students. Days 2 and 3 

will focus on four of the eight Standards for Mathematical Practice (see National 

Governors Association Center for Best Practices & Council of Chief State School 

Officers, 2010) and develop teachers’ content and pedagogical knowledge. Part of the 

focus of the work from the course is on helping teachers apply these ideas in their own 

classrooms. Therefore, the instructor will make sure to pose questions that encourage 

participants to discuss how what they are learning can work within their classrooms. 

Details about the entire course can be found in Appendix A.  
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In the following sections, I will discuss the resources and supports needed for the 

course to run. I will also describe potential barriers that may impact the project. Next, I 

will describe a detailed timetable for what needs to happen before, during, and after the 

course. Then I will describe the roles and responsibilities of the participants and 

instructor. Finally, I will describe the project evaluation plan as well as the project 

implications. 

Resources and Supports 

This course will run for free at the local college the first time it is offered as a 

service to the local school districts. As it is not generating revenue, I will utilize existing 

resources available at the college rather than purchase new supplies and materials. For 

this course I will need interlocking cubes, base-ten blocks, base-five blocks, graph 

papers, rulers, colored pencils, chart paper, markers, index cards, and copies of all the 

math tasks and articles. I will also use a document camera and projector along with my 

laptop. I will facilitate the course so I do not have hire staff, but five of my staff from the 

professional development program that I also facilitate at the local college will participate 

in the course so they can learn how to facilitate it in the future. 

A classroom space will be reserved on campus for 4 days, so that I have 1 day 

before the start of the course to set up the room. Access to the cafeteria will be arranged 

so participants can have lunch on campus each day. Access to the library will also be 

arranged so participants have a place to grab coffee and do their lunch reading if they 

want a change of scenery. I will coordinate with the college’s Conference Services 
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department to arrange this on-campus event and make sure the guidelines are followed. I 

will also work with campus security to arrange parking for participants.  

I will market the free course by creating an advertising slide using Canva (an 

online graphic design platform) and will embed the created graphic in an email through 

the college’s Slate system (a customer relations platform; see, https://technolutions.com/) 

so I can access the database of local school leaders. I will also post the advertisement on 

Twitter and Facebook, as many math teachers follow the college’s math program via 

these social media and networking platforms. An online registration form will be created 

using the Slate system along with an automatic reply to confirm registration and provide 

participants information about all the logistics including where to purchase the course 

text.  

Potential Barriers 

I do not anticipate many barriers because the course will be free, and cost is 

usually the biggest barrier for teachers when it comes to professional learning. One 

challenge I do anticipate is that the course is likely to fill up fast but because it is free, it 

is easy for some participants to cancel or just not show up when the course runs. To 

address this challenge, I will create a waiting list for the overflow registrations after the 

course hits the maximum limit of 30 participants. As cancelations come in, I can reach 

out to the teachers on the waiting list to fill the spaces.  

Another potential barrier is time. Summer can be a challenging time to recruit for 

professional learning that lasts more than one or two days. Additionally, this course does 

require a large time commitment because there is pre-course work, homework every 
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evening, and a post-course reflection paper due at the end. Some teachers may not want 

to give that kind of commitment during the summer. To address this barrier, I will ensure 

that the registration form includes explicit descriptions of the work involved as well as 

the time commitment needed. That way, teachers know the expectations and that should 

reduce the amount of pushback from participants.  

Finally, another potential barrier is the possibility of the Covid-19 crisis closing 

the campus for the summer. If this were to happen, I can run the entire course online via 

Zoom (a video-conferencing platform). Zoom is the preferred platform because I can still 

run breakout groups and there are a variety of interactive tools to enhance collaboration 

online. Small modifications will need to be made for some of the math tasks because 

teachers might not have access to the manipulatives. I will utilize virtual manipulatives 

for those participants that cannot get physical tools from their schools. 

Proposal for Implementation and Timetable  

I plan to run the course in August of 2020. Summer is the only time I can run a 

multi-day event that requires a significant time commitment from me. It is also much 

easier to secure classroom space on campus when the undergraduates are not in session. 

Below is the detailed timetable for the implementation of the project” 

May 

• I will arrange all the on-campus logistics with the various departments and 

address any questions or concerns raised during this process. 

• I will create the advertising slide in Canva and share it with my assistant to 

proofread and offer feedback. Edits will be finalized by the end of the month. 
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• I will create the registration form and confirmation response in Slate. 

June 

• I will create and send an email to all local school leaders advertising the free 

course. The email will have a link to the registration form.  

• I will create a social media post to use for Twitter and Facebook and link to the 

registration form. These will be posted in early June. 

July 

• My assistant will make all the copies needed for the August course. 

• I will gather all the manipulatives and materials needed for the course and arrange 

to have the college facilities management staff deliver them to the classroom on 

the day before the course is scheduled to begin.  

• I will review registrations and cancelations on an ongoing basis to ensure all the 

spaces filled.  

• An email will be sent to participants to remind them to complete their pre-course 

assignment and reading. This email will also include the logistics again to make it 

easy for participants to access.  

• I will also meet with my staff who will participate in the course to go over the 

findings of my study and discuss the implications of this work on this course and 

our future course development.  

August 

• I will review registrations and cancellations up until 2 days before the course 

begins. After that, I will close registration.  
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• I will review participants’ pre-course assignment to gauge their knowledge and 

understanding and make any necessary modifications to the plan to meet their 

needs.  

• I will set up the classroom space the day before the start of the course and make 

sure I have all the materials and copies I need.  

• I will run the 3-day course and take notes at the end of each day on what worked 

and what needs revision. If any immediate revisions are needed to respond to the 

participants, these will be made. 

• After the course, I will review the evaluations and post-course assignments to see 

if the course was successful and shifted teachers’ knowledge and perceptions of 

mathematics.  

• I will also debrief with my staff to get their feedback on the course.  

• Revisions will be made to the plan right away while the ideas are still fresh in my 

head.  

This is a four-month timetable and can be adjusted if the date of the project must 

be moved or modified. If the course needs to be done online, the plan will remain the 

same, but college officials will be notified that events are not happening on campus. If 

the course needs to run at another time other than the summer, it will need to be modified 

to occur over a few weekends or classes will be scheduled in the evenings and spread out 

over a longer period. The course content will not change.  
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Roles and Responsibilities of Participants and Others 

My role as the researcher and course developer is to organize every aspect of this 

project, inform my staff of my research findings and project plan, lead the professional 

learning course, review and submit feedback to participants, and debrief with my staff on 

the course experience and explore further implications of this work on the courses the 

college offers in the future.  

My assistant from the department at the college where I work will support this 

work by helping me prepare and distribute materials. She will also proofread and edit any 

materials that will be shared with participants. She is also the first point of contact when 

people try to reach me. She should be able to answer any logistical or technical questions 

that participants or school administrators might have. If she is unable to answer a 

question, she will connect me with the individual so I can support their needs.  

Participants in the course will be expected to complete all assignments in a timely 

manner. I also expect them to fully participate in the course activities and discussions. 

Their primary role is as a learner in the course, but part of the course design is to draw 

upon the expertise of the participants so at times they will be sharing their ideas so others 

may learn from them. Participants will also provide feedback on the course through their 

course evaluations.  

My staff that participates in the course have two roles. The first role is as learners. 

They will go through the course as participants and will be expected to fulfill all the 

responsibilities that participants have. This way they have an opportunity to experience 

the course from the perspective of the participant to gain a greater understanding of how 
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the instructional decisions play out for learners. Their second role is as critical 

colleagues. I value my staff’s insight and feedback and look forward to hearing their 

perspectives on the course design and implementation. In the future, they will all have to 

lead this course, so it is a good opportunity for them to participate in this process.  

Project Evaluation Plan 

To evaluate this project, participants will be given a pre-course assignment that 

consists of four problems (see resources in Appendix A). Participants will need to 

analyze the thinking of students’ mathematical strategies and reflect on their own 

mathematical knowledge. This analysis requires that participants have a deep conceptual 

understanding of the mathematics. If teachers have more procedural knowledge, they are 

likely to reflect on the inefficiencies of the students’ work and focus on the rightness and 

wrongness of the responses. This limited view of the mathematics is precisely the 

challenge I am trying to address in this course. I want teachers to shift from a focus on 

answer-getting in mathematics to focusing on the process of engaging in mathematical 

reasoning. The pre-course work will give me and the facilitators a clear sense of where 

teachers are in their thinking about these ideas. 

At the end of the course, participants will be given back their pre-course 

assignment and will be asked to review and revise their analysis of the students’ thinking. 

They must then write a short three to two-page reflection on how the ideas from the 

course contributed or did not contribute to their new analysis of the students’ thinking. It 

is my hope that participants will demonstrate a much deeper understanding of the 

mathematics and the nuances in the students’ thinking. I would also like to see specific 
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references to experiences from the course that have helped shape their new 

understandings. However, the post-course assignment may reveal that the course did not 

have a significant effect on participants’ thinking or understanding.  

Regardless of the results of the post-course assignment, I will use the data from 

the assessments along with the course evaluations (see Appendix A) to make the 

necessary revisions to the course. I view courses as continual works in progress and I 

suspect that each year I run this course it will continue to grow and evolve. My hope is 

that the combined data sources that measure both the participants’ growth as well as their 

own perceptions of the experience will help me make more target revisions for future 

iterations of the course.  

Project Implications  

The findings indicated that many elementary teachers have a negative perception 

of mathematics. As a result, they may be more hesitant to enroll in courses or attend 

professional development that focuses on mathematics. Hesitation to pursue professional 

learning in mathematics presents a challenge because teachers who do not have a 

favorable view of the subject tend to teach it less and their instruction tends to be less 

effective than a teacher who is more comfortable with the subject. If the course has the 

desired outcome, teachers will find it very accessible and transformative. Teachers’ view 

of mathematics and the teaching of mathematics may shift to become more positive.  

Based on my findings, a course that is easily accessible, provides a safe and 

supportive learning environment, and works on developing and deepening participants’ 

content and pedagogical knowledge should result in creating more positive perceptions of 
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mathematics. If this positive shift happens, my hope is that participants will be open to 

more professional development to deepen and broaden their learning. In essence, I see 

this course as a nice appetizer to much deeper learning through continual professional 

learning experiences.  

Many other courses at the college can be intimidating because participants must 

explore how math ideas develop from kindergarten through eighth grade. The middle 

school content often scares elementary teachers and I believe it sometimes keeps people 

from enrolling in any of the courses. My project is designed to reduce the intimidation 

factor and to create a certain amount of buzz as participants return to their schools and 

talk about what a positive experience it was for them. This in turn may result in more 

teachers enrolling in the course the next time we run it. Ideally, this will create a cascade 

effect where more and more teachers gravitate toward more professional learning 

experiences in mathematics.  

The other implication of the project is how it will affect my work and my staff’s 

work as we revise and develop more courses for teachers. I plan to share the results of 

this study with my team so we can all use the results as plan for future learning 

experiences with teachers. If we design future courses and revise current courses with 

these findings in mind, we will be meeting the needs of our elementary teacher audience 

and will be more attractive to them when they are deciding on the professional learning 

needs.  
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Section 4: Reflections and Conclusions 

The problem I addressed in this study was the fact that many elementary teachers 

have an unfavorable view of mathematics. As a result, some teachers have avoided 

professional learning in mathematics, which can have a negative effect on their students. 

As stated in the literature, when teachers lack a deep conceptual understanding of 

mathematics and when they have negative perceptions of the subject, they teach it for 

shorter periods of time and less effectively than teachers who view mathematics more 

positively (Grootenboer & Marshman, 2016). This project was designed to give teachers 

a positive mathematical experience while deepening their content knowledge. In Section 

4, I will discuss the limitations and the strengths of this project, recommendations for 

alternative approaches, scholarship, project development and evaluation, leadership and 

change, reflections on the importance of the work, and implications, applications, and 

directions for future research and social change.  

Project Strengths and Limitations 

A strength of this project is that the course draws heavily on the findings from the 

study to provide experiences for teachers that involve lots of collaboration with 

colleagues through meaningful and engaging tasks and activities. The activities and math 

tasks are designed for active learning. Participants will be generating many of the 

mathematical ideas on their own with colleagues versus listening to the facilitator lecture 

them. The tasks are also designed to have low entry points so all participants can access 

the ideas without difficulty. However, the tasks also have a high ceiling, meaning the 
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mathematics is also complex enough for participants to go much deeper with the work if 

they are ready to think about more complex ideas.  

A limitation to the project is that there is still a fair amount of work involved for 

participants, requiring a significant time commitment on the part of participants, which 

might turn some people off. One way to manage this limitation is to have some flexibility 

and understanding with participants who need additional time to turn assignments in. The 

course is not graded, so there is a flexibility for facilitators who lead the course. Another 

possibility is to eliminate the course textbook, 5 Practices for Orchestrating Productive 

Mathematical Discussions (Smith & Stein, 2018) if the feedback from participants is that 

the workload is too much. As an alternative to reduce the amount of reading, I could use 

a short article based on the main ideas from the textbook (Smith, Hughes, Engle, & Stein, 

2009). 

Recommendations for Alternative Approaches 

One need for an alternative approach is to make the whole course online. This is 

part of the contingency plan in case the campus is closed due to a quarantine; however, it 

is also a viable option to make the course accessible to a larger audience. Offering the 

course online means that teachers from around the world can participate depending on 

time zones and when the course is scheduled. Making the transition to an online format 

would only require converting the course materials to Google documents, slides, and 

forms and connecting with participants via Zoom.  

Another alternative approach would be to break the 3 days up into six evening 

sessions and run the course during the school year from 5:30–8:30 p.m. This follows the 
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structure and schedule of the other evening classes on campus and makes it accessible for 

teachers who work until 3:45 p.m. each day. With this model, the course would run much 

like it would in the summer, but the work would be spread out. Each full day in the 

summer is divided into a morning section and an afternoon section. Each section could be 

one evening class, allowing all the course materials to get covered.  

Scholarship, Project Development and Evaluation, and Leadership and Change 

This project study was a labor of love for me and one that helped me grow as an 

academic scholar. I have always been a practitioner at heart and have approached my 

work from a pragmatic point of view. Decisions I made about course development, 

structures, and revisions, were often based on my instincts and intuition as a practitioner. 

Though this seemed to work fine for me in the past, engaging in this project study 

brought the limitations to this approach to the surface.  

I learned the value of reading current and relevant literature as it pertains to my 

work as a provider of professional learning. This process helped me develop the skills to 

read and apply ideas from empirical studies to my work at the college and has helped me 

develop an analytical lens as I encounter new ideas, or I am faced with any decisions that 

affect the professional development program at the college. Instead of only going with 

my instinct, I now consult literature and consider multiple sources of data in my decision-

making. 

Another important change that occurred in me is a greater appreciation and 

understanding of the use of data to inform my work. Again, prior to this experience, I 

would read evaluations and exit surveys and reflect on the information, but most changes 
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to the courses were based on my own reflections on what I thought worked or did not 

work. Conducting in-depth interviews with participants and analyzing their responses for 

this study gave me a greater appreciation of the power of data collection and analysis as a 

mechanism for understanding my work more deeply. I learned more about what teachers 

want and need for professional learning as a result studying the data than I would have if 

I just read course evaluations.  

The project development was also a different experience for me. In the past, 

courses were constructed based on learning outcomes I wanted for the participants. I 

focused primarily on what I would be teaching and less on how I would teach it. In the 

case of this project development, most of my focus was on how participants would 

engage and interact with the course material. The course design derived from the data and 

I found that when I need to make a decision, I would consider my findings before 

deciding on which direction to take. As a result, I believe the course structure is more 

coherent and will provide a better experience for participants than previous courses I 

designed.  

My skills as a leader of national professional learning program and director of a 

graduate program have been strengthened as a result of this experience. I have been 

working in academia for 8 years without a terminal degree. Until now, I have approached 

my role as a leader as a pragmatic practitioner and not a scholar. However, I believe it is 

necessary to have both skillsets in my role and the latter was certainly developed and 

strengthened as a result of this project study.  
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Part of leadership is addressing change and this project gave me the opportunity 

to approach in various ways. I had to consider changes I needed to make in myself as I 

transitioned from thinking like a practitioner to thinking like a scholar. This transition 

was supported by my colleagues in the academic world along with my chair and second 

committee member for this project study. I also needed to consider making significant 

changes to my course design and structure based on my qualitative data analysis. These 

changes enhanced my skillset as a leader of professional and graduate education for math 

teachers and coaches.  

The other aspect of leadership and change this project study addressed was 

affecting change in others, particularly those who might be resistant to such changes. The 

goals of the course I designed are to change teachers’ perceptions of mathematics and to 

deepen their mathematical content knowledge. To do this effectively, I needed to design a 

course structure that blended the needs and wants of the teachers with my own goals for 

the course. Analyzing the responses of the participants in the study and using the findings 

to design the course allowed me to consider my audience and how best to meet their 

needs and move them forward in their professional learning.  

Reflection on Importance of the Work 

Mathematics education is an important field and one to which I have dedicated 

my entire career. It is critically important that all students have access to high quality and 

enriching experiences in mathematics and this requires that teachers have the knowledge 

and skills needed to teach the subject well (National Council of Teachers of Mathematics, 

2014). Many elementary teachers do not have a deep conceptual understanding of 
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mathematics to teach it well. Additionally, some of these teachers also have negative 

perceptions of mathematics that affect how they approach the subject with their students. 

This project was designed to address this challenge and make a significant change for 

teachers in mathematics. My hope is that as teachers take this course, they will discover 

that regardless of their age or experience, they can all learn mathematics on a conceptual 

level and develop a rich appreciation for the beauty of the subject. I want teachers to have 

transformative experiences as learners and then I want them to apply what they learned to 

change their practice in their own work contexts. By changing teachers’ perceptions of 

mathematics, I hope to change students’ experiences with mathematics.  

From this whole process I learned how important it is to have a scholarly 

approach to the work I do as a leader of educators. My knowledge of professional 

learning in mathematics has become greatly enhanced because of all the literature I have 

read regarding this work. When I attend conferences and attend sessions, I see the work 

through the lens of a scholar, and I connect what I experience with what I read in the 

literature. This is a significant change in my habit of thinking, and it has strengthened me 

in this field.  

Implications, Applications, and Directions for Future Research and Social Change 

The immediate implication of this project is that it should affect some level of 

change in classroom teachers and encourage them to continue their professional learning 

with mathematics. I see the course I developed as a steppingstone to much greater 

opportunities for teachers to engage in this work. My hope is that I can scale this work up 

with my staff so we can run this course throughout the year in various formats from 
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evening classes to online structures. It is quite possible for us to reach thousands of 

educators with this work and this will have a huge impact on social change. 

For students that are successful with mathematics, certain career pathways may be 

more accessible to them. Conversely, for students who struggle with mathematics, access 

to more complex mathematics courses may be unavailable to them and they will have 

fewer opportunities with career pathways tied to mathematics. Teachers can affect how 

students perceive mathematics and perceive their own abilities with it. By strengthening 

teachers’ knowledge, skills, and understanding of mathematics, my course can affect 

numerous students in a positive way. 

Methodological Application 

Another implication is that my thinking has been drastically altered as a result of 

this work. All future courses and professional learning models I develop will be 

approached by me as scholar and practitioner. Everything that I design will be backed up 

by research and will have practical applications so teachers can take what they learn and 

apply it in their own contexts. Having a scholarly approach to course development is a 

significant shift for me and my program and one that I think will greatly enhance 

everyone’s experiences with it.  

I anticipate working with my staff who also design courses for the college 

professional development program to help them ground their work in research. I will 

share my findings with my team, but we will also meet a few times a year to discuss 

current literature related to mathematics and professional learning. The field is ever 

evolving, and I would like my program to be on the forefront with this work. Our 
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approach to course design and professional learning will be adapted as a result of the 

work on this project study.  

Recommendations 

This project study was small in nature and by no means can the findings be 

generalized to the greater population. Future research is certainly needed with a much 

larger population to get a better sense of the needs of teachers across the country and 

around the world. I am interested in considering the needs of classroom teachers that 

teach in high-needs districts as this was not a focus of my project study and I see that as a 

limitation to my findings.  

Conclusion 

Mathematics does not need to be scary or something to do for the sake of getting 

answers. It is a rich and beautiful subject that has not been taught well for years. Consider 

how educators approach reading instruction. A best practice in reading instruction is to 

focus on developing students’ accuracy, fluency, and comprehension (Fountas & Pinnell, 

2017). If teachers ignored comprehension, then students would learn that reading is just 

saying words really fast without needing to understand what they were saying. Yet, for 

years that is exactly how teachers approached math education (National Council of 

Teachers of Mathematics, 2014). The focus has been on accuracy and fluency with little 

or no regard for conceptual understanding. For example, a student may have memorized 

their times tables and the standard algorithm for multiplication but does not understand 

the concept of multiplication or the distributive property. That student may be able to 

calculate the correct answer, but with little understanding of why the algorithm works or 
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what to do if they needed to use an alternative method. Therefore, it should come to no 

surprise that a large portion of the U.S. population has an unfavorable view of 

mathematics because they were never given the opportunity to understand it.  

In this study, I aimed to raise teachers’ awareness of the importance of 

comprehension in mathematics. Math must make sense for teachers so they can then 

ensure that it makes sense for their students. The course I developed is designed to give 

teachers the rich conceptual understand they need to begin teaching math in ways that 

help students develop that same deep understanding. By drawing upon my findings of 

how professional learning can support teachers and by considering the current literature 

on professional learning in mathematics, I can ensure that I will create experiences for 

teachers that will elevate the importance of meaning in mathematics. From there, my 

hope is that the experience sparks a change for teachers and puts them on a path to 

continue to learn and grow in this field.  
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Appendix A: The Project  

Beyond Answer-Getting: Exploring Mathematical Practices and Developing Math 

Reasoning with All Students 

Purpose 

 The purpose of this project is to have a 3-day course that changes teachers’ 

perceptions of mathematics, builds their confidence in their ability to teach it well, and 

encourages them to want to pursue more professional learning experiences in 

mathematics. The course is designed to be very accessible for teachers and yet challenge 

them with engaging activities that build their mathematical content knowledge and 

relieve anxiety about teaching mathematics. In other words, teachers will be pushed to 

grow but in ways that do not intimidate them because they will have successful 

experiences throughout the course.  

Goals 

• Deepen teachers’ mathematical and pedagogical content knowledge. 

• Relieve anxiety about teaching mathematics. 

• Provide teachers with positive learning experiences in mathematics. 

• Boost teachers’ confidence in their ability to teach mathematics well. 

Learning Outcomes 

As a result of this course teachers will: 

• Understand how K to 8 teachers can support students with the following 

Standards for Mathematical Practice: 

o Math Practice 2: Look for and Express Regularity in Repeated Reasoning 
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o Math Practice 4: Modeling with Mathematics 

o Math Practice 7: Look for and Make Use of Structure 

o Math Practice 8: Look for and Express Regularity in Repeated Reasoning 

(National Governors Association Center for Best Practices & Council of 

Chief State School Officers, 2010) 

• How the Standards for Mathematics Practice can be leveraged in their classrooms. 

• Have specific models and protocols for facilitating learning experiences that draw 

upon students’ ideas and contributions. 

• Know how to implement Smith and Stein’s (2018) The 5 Practices for 

Orchestrating Productive Mathematical Discussions.  

• Be able to analyze and understand students’ strategies and highlight connections 

between the strategies. 

Target Audience 

 This course is designed for K to 5 teachers with a wide range of mathematical 

experiences, and elementary principals, special education teachers, and paraprofessionals 

who support work in mathematics classrooms. While the course is designed relieve 

anxiety for teachers who may be less comfortable with mathematics, it is designed to  

help confident teachers grow and develop through challenges and new ideas in the course 

as well.  

Course Text 

The 5 Practices for Orchestrating Productive Mathematics Discussions (Smith, & Stein, 

2018). 
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Materials 

• Projector, screen, and speakers for instructor’s computer 

• Snap cubes 

• Base-5 blocks 

• Base-10 blocks 

• Graph paper 

• Rulers 

• Markers 

• Chart paper 

• Easel 

• Index cards 

Copies (the following documents are all available after the reference section 

below) 

• Math Practice 7 and The Matrix 

• Pre-Course Assignment 

• Propeller Design Template 

• Alphabet Counting Sheet 

• Exploring Addition and Subtraction Strategies Sheet 

• 3-Act Task Recording Sheet 

• Base-5 Task Sheet 

• Henrietta’s Roost Case 

• The Cycling Shop Task 



124 

 

• Terminating and Repeating Decimals Task 

• Multiplying by 10 Task Sheet 

• Exploring Structure Through Algebraic Reasoning Sheet 

• Post-Course Reflection 

Pre-Course Preparation 

One month before the start of the course, participants will be sent a pre-course 

assignment (see below) that will be used to gauge their conceptual understanding of some 

elementary math concepts as well as their pedagogical knowledge as it relates to those 

concepts. The pre-course assignment will involve teachers analyzing student thinking 

through problems with whole numbers and fractions. The analysis requires teachers to 

have a broader understanding of the operations and a sense of how students make sense 

of the mathematics. If teachers have a more traditional approach to math instruction, they 

may have limited responses to the prompts.  

Instructors will use participants’ responses to inform the way they facilitate the 

course. If the math content and pedagogical knowledge seem weaker, more emphasis 

should be placed on developing this knowledge for participants. If the responses indicate 

that teachers have a deeper conceptual understanding of the mathematics and their 

pedagogical knowledge is strong, the emphasis on the course will be on teaching 

practices. In both cases, the math content, pedagogy, and teaching practices will be parts 

of the course. Instructors will alter their pacing for each component based on participants’ 

needs.  
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Additionally, participants will be asked to read the first two chapters of the course 

textbook, The 5 Practices for Orchestrating Productive Mathematical Discussions 

(Smith & Stein, 2018). This book, hereafter shortened to 5 Practices, focuses on shifting 

the focus onto students’ ideas as the main driver of the math learning rather than the 

teacher’s direct instruction. Each of the practices discussed help teachers to plan for and 

facilitate meaningful discussions of mathematics with their students.  
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Day 1: Framing the Shifts in Math Teaching 

Schedule 

8:30 – 8:40 a.m.: Introductions 

8:40 – 9:10 a.m.: Money Roll: Mathematical Modeling with 3-Act Tasks 

9:10 – 9:30 a.m.: Looking Back 

9:30 – 9:50 a.m.: Break 

9:50 – 11:30 a.m.: Moving From Answer-Getting to Sense-Making 

11:30 – 1:30 p.m.: Lunch and Reading  

1:30 – 2:30 p.m.: Levels of Inquiry 

2:30 – 3:00 p.m.: Discussion of Readings 

3:00 – 3:20 p.m.: Break 

3:20 – 3:40 p.m.: Open-Middle Tasks 

3:40 – 4:20 p.m.: Task Analyses and Math Makeovers 

4:20 – 4:30 p.m.: Wrap Up and Homework Assigned 

Detailed Agenda Day 1 

Introductions (10 Minutes, Slide 1) 

 Introduce yourself and share one interesting personal fact about yourself. Then 

ask each participant to do the same. Review basic logistics (bathrooms, water fountains, 

lunch procedure, etc.). Then begin the session. 

Money Roll: Mathematical Modeling with 3-Act Tasks (30 Minutes, Slides 2-16) 

The day will begin with a mathematical modeling task I created called The Money 

Roll. This will serve as the launch for the whole course.  
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• Show a 30-second video where I demonstrate rolling out a large roll of 

one-dollar bills that are all taped together. Participants’ task is to figure 

out how many bills are in the whole role. (Slide 2)  

• Show the measurement of a bill and the measurement of the whole roll 

using snap cubes as the unit of measure. (Slide 3)   

• Make sure participants see that a bill is slightly larger than 8 cubes which 

should create some ambiguity in the task. Although there is only one 

correct answer, the hope is that with the ambiguity of the bill being 

slightly larger than 8 cubes, participants will come up with numerous 

different answers which will result in a robust debate among the group. 

• Show the length of the whole roll measured in cubes. (Slide 4) 

• Show the side by side view of the bill and the roll and tell participants they 

will work on solving the problem. (Slide 5)    

• Allow participants about 10 minutes to work on the problem with their 

small groups. 

• Then call groups back to debate their answers. Typical suggested answers 

are between 19 – 23 bills. Allow for some debate and encourage 

participants to defend their answers. 

• Play the reveal video showing the actual answer and allow some 

discussion about the range of answers. (Slide 6)  

After the reveal of the answer and some more debate about the differences in 

participants’ thinking, show the equation of the math they just did, “179 ÷ 8 = __” (Slide 
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7) and ask if they would have been as engaged if the class began with this task versus The 

Money Roll. Then show Slide 8 with a word problem version of the Money Roll task. 

This is to set up a comparison between a task geared toward answer-getting and one 

geared toward problem solving and math reasoning. Show the slides that review why 

tasks like The Money Roll are more engaging than basic word problems and computation 

exercises.  

• The Peak/End Rule (Slide 9): People judge their experience based on how 

they felt at the most intense moments and at the beginning and end. Show 

that peaks are positive experiences and pits are negative experiences 

(Heath & Heath, 2017).  

• Football example (Slide 10): Show how football has lots of pit moments 

but the peak moment of game day is so high that lots of players have fond 

memories of the sport.  

• Math class example (Slide 11). Show the peak/end rule in math class with 

the flat line with dips and no peaks. Ask how we can create peak moments 

in math class.  

• 3 Part Recipe to Build Peak Moments (Slides 12 & 13). To build peak 

moments we need to boost sensory appeal, raise the stakes, and break the 

script. Have participants consider how the Money Roll task did all three 

things.  

• What kinds of work are students doing? (Slide 14): Show the grid that 

highlights the four kinds of ways students engage in mathematics (Meyer, 
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2014). Ask participants to estimate what percentage of time is spent on 

each area.  

The purpose in starting the course off this way is to get right to the point of 

moving beyond answer-getting in mathematics. It also leverages one of the key findings 

from the study that teachers like learning experiences when they can collaborate with 

colleagues to makes sense of complex mathematical ideas. End this section with the slide 

showing the course goals (Slide 15). 

Looking Back (20 minutes, Slide 16) 

After the launch task, participants will be asked to reflect for 5 minutes on their 

own experiences in mathematics when they were in elementary school.  

• What do they remember from their experiences?  

• What are some positive memories they have?  

• What are some negative memories? 

After some quiet reflection participants will pair off and share their experiences 

for 5 minutes. They will then return and collect and categorize the positive and negative 

experiences to better understand what works and what does not work when teaching 

math. Spend 1 minutes on this part.  

Break (20 minutes) 

 Allow participants time to use the restroom, get coffee and water, and stretch their 

legs.  

Moving From Answer-Getting to Sense-Making (100 Minutes, Slides 17-47) 
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The next part of the course will be devoted to why we are looking to move away 

from answer-getting mathematics to develop students’ conceptual understanding. This 

section of the day has a blend of small interactive activities coupled with some 

presentation from the facilitator all aimed at framing the work. Topics that will get 

covered during this section include: Answer-getting versus problem solving, routine and 

adaptive expertise, the illusion of understanding in mathematics, the conceptual 

understanding pentagon, the concrete, representational, and abstract continuum, and 

shifting from the gradual release method of teaching mathematics. A key activity in this 

section will be when participants must operate in a base-5 number system. This activity 

pulls together all the above topics into one power experience that should clarify for 

participants why they need to shift their instructional practices. 

Understanding the Shift (20 Minutes) 

• Lost in Boston (Slides 17-19): Explain that memorizing procedures in 

mathematics is like memorizing directions to navigate Boston. In both 

cases, you may get where you are going, but you will feel lost the whole 

time.  

• Use Slides 20-27 to compare answer-getting and problem solving and 

relate answer-getting to routine expertise and the illusion of 

understanding. This process involves the following steps: 

o Slide 20 is the title slide for this section. 

o Slide 21 explains routine expertise (Russell, 2010) 
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o Slide 22: Illusion of Understanding (Flynn, 2017). Explain that this 

is the appearance that students understand a concept when they 

only have rote knowledge of it. 

o Slide 23: Take participants through the shapes task by asking them 

to memorize three “facts”. This is to help them experience the 

illusion of understanding.  

o Quiz participants using Slide 24. They should be 100% successful 

because the task was set up to support routine expertise. 

o Give participants an applied problem next (Slide 25) and ask them 

why they can’t answer it. They should say it’s because they have 

no understanding of the task. They just memorized information. 

o Share the answer and then give participants a minute to discover 

that the underlying structure is that they are adding up the number 

of sides each shape has. Show Slide 26 and ask them to apply their 

new understanding to the earlier work they memorized. 

o Give participants a new applied problem (Slide 27). They should 

be 100% successful, but this time it is because they understand the 

meaning of the work.  

• Show Slide 28 with the Shepherd Problem and then show the video 

(Kaplinsky, 2013) of eighth graders trying to solve it as another example 

of routine expertise and the illusion of understanding. Ask for participant 

https://www.youtube.com/watch?v=kibaFBgaPx4
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reactions after the video. You can embed the video on Slide 29 or show it 

from YouTube. 

• Slide 30: Explain the Conceptual Understanding Pentagon (Van de Walle, 

Karp, Lovin, & Bay-Williams, 2018) 

• Share the common confusions third graders make when they memorize 

math facts without understanding the operation (Slide 31) and reference 

the conceptual understanding pentagon (Slide 32).  

• Show Slide 33 as one more example of the illusion of understanding with 

Jared. Jared is a second grader whose mom had him memorize the 

standard algorithm for addition, but Jared really could only solve problems 

by counting tally marks. Display Slide 33 showing the three second 

graders’ work using the standard algorithm, which includes Jared’s work. 

Have them predict which of the three students is struggling in math. Most 

likely they will say Sharonda because she put the plus sign in the tens 

place. Reveal the students’ second methods which show Jared using tally 

marks to solve the problem. Have participants comment on Jared’s second 

method and let them know that Jared’s mom had taught him how to use 

the standard algorithm even though he did not understand place value. 

This sets up the next activity. Show Slide 34 and say we can embrace the 

illusion of understand and give Jared an A for his work. However, we 

know that is not the right thing to do for him and his mathematical 

learning.  
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Calculating in Base-5 Intro (20 Minutes) 

• Slides 35–41 will help you set this work up. Tell participants they will 

experience what it is like to be Jared (Slide 35).  

• Slide 36: Give them a math problem to solve mentally. They will solve it 

in base 10 so the answer they give will be wrong. Do not tell them it is 

base 5. Break down the addition and tell participants they need to 

memorize the new math facts. They should see how the algorithm works 

but will not know why it works because the math will likely not make 

sense at this point. Give participants another problem and follow the same 

steps.  

• When participants are thoroughly confused and frustrated, explain that this 

is what it is like to be Jared. He has memorized a procedure to get answers 

but does not know why it works and really struggles with the mathematics. 

His answer-getting method masks his confusion. 

• Reveal that they are working in base 5 and have participants help the 

facilitator construct the first 25 numbers in the system using a base-5 

representation (Slide 37).  

• Give participants 30 minutes to work on the base-5 tasks (see Base 5 Task 

Sheet below). They should use base-5 blocks and visual representations to 

help them. Monitor the work and ask guiding questions as participants get 

stuck. Do not rescue participants by telling them what to do. Allow them 

to struggle productively during this task.  
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• After the task, have a 10-minute discussion about the experience of 

working with base 5 using concrete and visual representations (Slides 38 

& 39). Participants should notice: 

o They constructed the understanding themselves. 

o The facilitator did not do any direct teaching. 

o The visual tools were necessary for understanding and the 

algorithm was not helpful until they understood how the math 

worked.  

o The facilitator supported productive struggle by asking questions 

rather than telling people how to do the work.  

• Slide 40: Review adaptive expertise (Russell, 2010). 

• Slide 41: Ask participants to connect the conceptual understanding 

pentagon to adaptive expertise.  

Defining the Shift (20 Minutes. Slides 42-46) 

• Connect the base-5 work to the concrete/representational/abstract 

continuum. Have participants comment on the importance of all three 

ways of thinking (Slides 42 & 43). 

o Make the comparison between being a math teacher and being 

either a lifeguard or swim instructor. Lifeguards rescue and 

eliminate struggle while swim instructors encourage some struggle 

so children learn to swim on their own (Slide 44).  
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o Discuss how we need to flip the gradual release method of I Do, 

We Do, You Do (Slides 45 & 46).  

Lunch and Reading Break (2 Hours, Slide 47) 

Participants will then break for lunch and will have assigned readings related to 

the work they just completed. The first will be Chapters 3 and 4 from the course 

textbook. The second is an article from the National Council of Teachers of Mathematics 

Teaching Middle School Mathematics Journal called Never Say Anything a Kid Can Say 

(Reinhart, 2000). Both readings have a focus on the power of using students’ ideas in 

math class and how we should shift from the teachers being the deliverer of knowledge to 

a facilitator of learning experiences.  

Levels of Inquiry (60 minutes, Slides 48-60) 

The second half of the day will begin with an interactive task exploring the four 

levels of inquiry: Confirmation, Structured Inquiry, Guided Inquiry, and Open Inquiry. 

For this work, participants will use a propeller made of paper to go through four 

explorations. The purpose of this task is to give participants an opportunity to experience 

all four levels of inquiry as learners so they can see how their engagement and investment 

in the work build as they move up in the levels. The facilitator will then make 

comparisons between this experience and mathematics instruction. The interactive tasks 

are as follow: 

• Slide 48: Introduction. Show participants how to make the propeller (see 

materials below). Then explain to them that they will confirm that 
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propellers cause objects to spin when they fall. Have them do the 

experience and the reflect on the experience (Slide 49). 

• Show the Levels of Inquiry (Slide 50) and explain they just did level one.  

• Slide 51: Confirmation. Explain that the first level of inquiry is 

confirmation. Participants will be given the question they need to explore, 

the method they will use to the explore it, and the solution to the question 

before they begin their work. The participants’ job is to confirm a 

principle that the facilitator already stated, in this case, that propellers 

cause an object to spin as it is dropped.  

• Structured Inquiry. The exploration will continue with a structure 

inquiry experience. Show Slide 52 and explain structured inquiry. Then 

show Slide 53 with their challenge. In this case, participants will be given 

the question, “How does changing the position of the propellers affect an 

object when it is dropped?” They will also be given the method to explore 

this question. In this case, they need to drop the propellers and observe 

them as they fall. Then they will alternate the positions of the propellers 

and drop them again. They will not know the results so it should surprise 

them that the direction of the rotation changes when the positions are 

flipped. Once again, the participants will debrief how the experience felt 

for them as learners and what this kind of inquiry looks like in math class 

(Slide 54).  
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• Guided Inquiry. Show Slide 55 and explain guided inquiry. Then show 

Slide 56 and explain their new challenge. The next phase of this work is a 

guided inquiry where participants are given the question, “How does 

adding weight to their object affect how it falls?” This time, they can 

design their own methods for exploring this question and the results are 

unknown. I anticipate that participants will use paperclips that are 

provided to add weight to various locations on their propellers. Some 

propellers will work, and participants will notice that the rotation speed 

increases. Some propellers will not work when the weight is added too 

close to the top or on the actual propellers. When the propellers do not 

work because the weight is added to the wrong part of it, participants 

should note the issue and then work to find a position that results in a 

rotation. At the end participants will debrief again about what the 

experience was like for them as learners and what this kind of inquiry 

looks like in a math class (Slide 57).  

• Open Inquiry. Show Slide 58 and explain open inquiry. Show Slide 59 

and explain their new challenge. The final level of inquiry is open inquiry 

where participants generate the question, the method, and they do not 

know the results ahead of time. Facilitators should anticipate a wide range 

of possible questions to explore and a high level of engagement from the 

group. Participants will follow the same pattern from earlier and end with 
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a debrief on what this was like for them as learners and what this would 

look like in a math class (Slide 60). 

Conclude, with a discussion with participants on their insights after this 

experience. The purpose of this exploration is to help participants experience their level 

of interest and engagement rise as the participants are given more autonomy and agency 

in their work. My hope is that participants will recognize that the same thing can happen 

in math class when students are given options and are less restricted by the one right way 

to approach a task. I also want participants to see how actual process is much more 

interesting than the product. In other words, the actual work toward solving a problem is 

where the interesting stuff happens. The results, while important, are much less 

interesting. Yet, the focus in math class for so long has been on the latter. 

Discussion of Readings (30 Minutes, Slides 61 & 62)  

Next, participants will have small group discussions on the readings for 20 

minutes. Participants will be asked to discuss the points that resonated with their 

thinking, the points that challenged their thinking, and the questions these readings 

raised. They will also need to consider how these ideas might play out in their own 

classrooms. When participants return to the whole group, the facilitator will synthesize 

the discussion by asking the group the benefits and challenges of having students do more 

talking in math class with the teacher acting as a facilitator. The goal is to be sure 

participants can express both the positive and negative aspects of this shift. By allowing 

participants to share their concerns, the facilitator can be sure to address these concerns 

throughout the rest of the course. The whole group discussion should take 10 minutes.  
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Break (20 minutes) 

 Allow participants time to use the restroom, get coffee and water, and stretch their 

legs.  

Open-Middle Tasks (20 Minutes, Slides 63-66) 

Start with the title slide (Slide 63) and ask if anyone knows what open-middle 

problems are. Show Slide 64 and explain what they are if nobody knows. The facilitator 

will follow this experience with another math task for participants and connect it with the 

previous work on the levels of inquiry. This time the facilitator will use an open-middle 

task from Kaplinsky (2019) that could be categorized as a guided inquiry from the 

previous work. Show the task on Slide 65. This task asks participants to use the digits 1 

to 9 exactly one time each to create an addition expression using three 3-digit numbers. 

This task is much more complicated than it looks and will take participants some time to 

solve. Small groups discuss their strategies and methods and participants will compare 

this work to a traditional addition problem involving three 3-digit addends. After some 

time, the full group will debrief the task and identify the most useful strategies for solving 

this type of problem (Slide 66).  

Task Analyses and Math Makeovers (40 Minutes, Slides 67-70) 

Show title slide (Slide 67). Following this work, participants will pivot toward 

looking at a task-analysis guide on Slide 68 to consider what makes a rich task that is 

geared toward problem solving compared to typical answer-getting exercises. Participants 

will practice using the guides to analyze a very prescribed fraction lesson (Slide 69 ). 

They will work to redesign the task to increase both the level of challenge and the level 
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of engagement for students (Slide 70). The goal of this work is to empower teachers with 

the skills needed to adapt math tasks and lessons to increase engagement for students.  

Homework (Slide 71) 

Participants will be assigned Chapters 4 and 6 from the course text for homework. 

This is a lot of reading, so do not assign any written work. However, participants will 

need to be prepared to discuss the chapters from the lens of their own classrooms. A big 

part of this work is the implementation of these ideas so that participants are always 

thinking about what these ideas will look like in place in their classrooms.  

 

Day 2: Explore Mathematical Practices and Developing Mathematical Reasoning 

Part I. 

Schedule 

8:30 – 8:40 a.m.: Combatting the Curse of Knowledge 

8:40 – 9:10 a.m.: Alphabet Counting 

9:10 – 10:35 a.m.: Mathematical Practice 2 and Exploring Students’ Strategies 

10:35 -10:55 a.m.: Break 

10:55 – 11:25 a.m.: Discussion of Readings 

11:25 – 11:30 a.m.: Review Lunch Assignments 

11:30 – 1:30 p.m.: Lunch and Reading 

1:30 – 2:00 p.m.: What is Mathematical Modeling 

2:00 – 2:35 p.m.: Story Problems and Tasks to Support Mathematical Modeling 

2:35 – 2:55 p.m.: Break 
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2:55 – 4:25 p.m.: Mathematical Modeling Through 3-Act Math Tasks 

4:25 – 4:30 p.m.: Assign Homework 

Detailed Agenda 

 Start with Day 2 title slide (Slide 72). The next two days of the course will focus 

more heavily on the Standards for Mathematical Practice (National Governors 

Association Center for Best Practices & Council of Chief State School Officers, 2010) 

and deepening teachers’ mathematical content knowledge. The teaching practices will be 

analyzed by having participants reflect on their roles and the facilitator’s role within each 

major math experience. The facilitator will lead the participants through the math much 

in the same way that participants should be leading their students. The facilitator will use 

the 5 Practices method from Smith and Stein (2018) and will have the participants lead 

the work while the facilitator asks guiding questions and helps synthesize the groups 

ideas. 

 The focus on Day 2 will be on the two Standards for Mathematical Practice that 

deal with contextualizing and decontextualizing in mathematics. The first in Math 

Practice 2: Reason Quantitatively and Abstractly. This one is all about students making 

sense of the mathematics by contextualizing abstract concepts to make sense of the 

numbers and symbols within a particular mathematical idea. Math Practice 2 also 

involves students decontextualizing a situation to understand the relationship between the 

symbols and their concrete referents. In other words, students think contextually and 

abstractly to make sense of mathematical concepts. Math Practice 4 will be covered in the 
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afternoon. This one also deals with contextualizing and decontextualizing in mathematics 

but for the purposes of problem solving. 

Combatting the Curse of Knowledge (10 Minutes, Slides 73 & 74)  

• Introduce the participants to the concept of the curse of knowledge by sharing the 

definition and asking them to consider why this applies to the math teaching 

world (Heath & Heath, 2017).  

• Introduce the Alphabet Counting activity.  

Alphabet Counting (30 Minutes, Slides 75 & 76) 

 Pass out the Alphabet Counting Sheet (see below). For this task, the number 

system has been replaced with letters and participants need to count and compare objects, 

skip count, count backwards, and use a counting strategy to add. Because this system is 

unfamiliar to the participants, they will need to work hard to make sense of the system. 

Some participants may create visual references. Other participants may use their fingers. 

In both cases, all participants will be moving from abstract to concrete referents and will 

get a feel for the complexity of this work.  

 Participants will debrief the experience from both the mathematical lens and from 

the facilitation lens. The facilitator should ask participants to first discuss how the task 

was set up in a way for them to engage in productive struggle and for them to discover 

the key ideas on their own. Then participants should consider the facilitator’s role in 

bringing out the key ideas from the activity. The participants should notice that all the 

ideas were generated from the group and that the facilitator just asked questions to guide 

the learning. 
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Mathematical Practice 2: Reasoning Abstractly and Quantitatively (85 Minutes, 

Slides 77-87) 

• Introduce Mathematical Practice 2 by sharing the definition. Allow participants to 

discuss which parts make sense and which seem confusing. Work to clarify any 

misunderstandings (Slide 77). 

• Give two mental math problems.  

o Start with 34 + 28 and then record solutions (Slide 78). 

o Then have participants work on 53 – 17 and record their solutions (Slide 

79). 

o Walk through the steps participants will need to take for their small group 

work (Slides 80-85).  

• Next, pass out the Analyzing Student Strategies Sheet (see below). Participants 

will work in small groups analyzing students’ methods for solving addition and 

subtraction problems. For each method, participants must write a generalizable 

verbal description of the strategy, create a base-10 representation of the strategy, 

use a number to model the strategy, and to create a story context where each 

element of the strategy is accounted for. Creating visual representation, verbal 

descriptions, and contextualized situations to reflect the mathematics within a 

given strategy is difficult work but it will help participants gain a richer 

understanding of the alternative methods for solving addition and subtraction 

problems.  
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• After participants have worked through each strategy with their small groups, call 

them back to debrief. Ask them what new insights they gained, what was 

challenging, and what key mathematical ideas underlie each strategy. In the end, 

participants will have a clearer understanding that all generalizable strategies are 

basically algorithms and depending on the scenario, they might be more efficient 

than the standard algorithm that has been used for so long in our country (Slides 

86 & 87). 

Discussion of Readings (30 Minutes, Slides 88 & 89)  

 The morning will end with another discussion of the readings. This time 

participants will be asked to identify when they saw elements of the first two practices in 

the work the facilitator did with them in the morning. Participants will then look at a 

math lesson they will teach in the school year to see how they might begin designing the 

lesson with the 5 Practices (Smith & Stein, 2018) in mind. Have them spend 20 minutes 

in small groups and then call them back and share the whole group discussion prompt. 

The whole group discussion should last 10 minutes. 

Review Lunch Assignments (5 minutes, Slide 90) 

The assigned lunch reading will be Chapter 7 of the 5 Practices textbook (Smith 

& Stein, 2018) and the article Modeling with Mathematics Through Three-Act Tasks 

(Fletcher, 2016). 

Lunch and Reading (2 Hours) 

Mathematical Practice 4: Modeling with Mathematics 
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 The afternoon session will focus on Math Practice 4: Modeling with Mathematics. 

This practice involves students abstracting a contextualized situation to better understand 

the mathematical components and the relationship between the quantities involved. 

Students then use this information to solve a problem. Math modeling involves 

approximation and considering the variability that exists within our world. Thus, when 

people abstract a situation to create a mathematical model, they may discover that their 

model has inaccuracies once we apply our results back to the context. Mathematical 

models often need to be revised as part of the problem-solving process.  

In addition to working on math modeling tasks, participants will analyze 

classroom video from kindergarten and second grade that demonstrate how elementary 

students begin to mathematize the world around them. They will also analyze different 

story problems to identify those that have elements of mathematical modeling and those 

that do not. This understanding is critical because I want teachers to leave with applicable 

skills that they can use in their classroom to support this work.  

What is Mathematical Modeling? (30 Minutes, Slides 91-117) 

 Begin with Slide 91 and explain what the 8 Standards for Mathematical Practice 

are. Then show Slide 92 which gives the definition of mathematical modeling. Ask 

participants what that means (Slide 93). Show the abbreviated definition on Slide 94 

(Illustrative Mathematics, 2014). 

To launch this work, lead participants through a story involving mathematical 

modeling in a lighthouse:  
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• Show Slide 95 with the lighthouse photo and then Slide 96 from inside the 

lighthouse looking up and ask participants what they notice and wonder. You 

want somebody to wonder how many steps are in the whole lighthouse. Once that 

question surfaces, ask what information they would need to calculate how many 

steps there are.  

• Show the Slide 97 with the cross-section of the lighthouse and have them 

calculate the total number of staircases. Then show the slide that has the number 

of steps for a particular staircase (Slide 98).  

• Show the cross-section again on Slide 99 and ask participants to write an equation 

and answer how many steps are in the whole lighthouse. Then reveal the answer 

which will show they are all incorrect. Display Slide 100 with the equation on it.  

• Reveal the answer of how many steps there are on Slide 101. 

• Ask them to look at the cross-section again and consider what might be wrong. 

Then have them revise their model again (Slide 102). Continue this process for all 

the variations on Slides 103-110.  

• Throughout the process, participants will create mathematical models only to find 

that they are incorrect. They will revise their models based on new information 

and continue this process until the end of the story when the final critical piece of 

information is revealed (Slides 111-114). This task is designed to give all 

participants a true understanding of what mathematical modeling is. This 

understanding is important because typically there are a lot of misconceptions 

among teachers about this practice standard that should be cleared up. 
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• Discuss the concrete to abstract continuum and how it relates to mathematical 

modeling (Slides 115-117).  

Story Problems and Tasks to Support Mathematical Modeling (35 Minutes, Slides 

118-133)  

 Next, participants will explore various math tasks and story problems geared 

toward mathematical modeling. Present each task on the slides and give participants 5 

minutes to work on the task with a partner and discuss how the task support mathematical 

modeling. They should notice that unlike traditional story problems and math tasks that 

present all the numbers participants need to solve the problem, these tasks require 

participants to generate additional numbers and patterns in order to solve the problems. 

Go through the tasks in the following order: 

• Marble Jar (Slides 118-120) 

• Quick Images (Slides 121-124) 

o Do the task, then have participants discuss how it supports mathematical 

modeling in the primary grades.  

• Six Crayons in All (Slides 125-127) 

o Do the math and then have participants discuss how it supports 

mathematical modeling in the primary grades.  

• Henrietta’s Roost Case (Slides 128-132) – Have teachers do the task and then 

read the case study found in the materials below.  

• Cycling Shop Task (Flynn, 2016; Slide 133) 

Break (20 Minutes) 
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Mathematical Modeling Through 3-Act Math Tasks (90 Minutes, Slides 134-142) 

 The culmination of this work on mathematical modeling will be with three-act 

math tasks (Fletcher, 2016). These tasks are designed with three acts, much the same way 

some books and plays are designed.  

• Act 1 involves hooking the audience, getting them curious about the situation, 

and identifying the problem. This is typically done by showing a short video 

or compelling image that has a mathematical element to it. Participants share 

observations and questions they have after watching the video. Typically, one 

of the questions is the actual question the task is designed to answer.  

• Act 2 involves participants figuring out want information they need (or do not 

need) to answer the selected question. It is also where participants work to use 

the information that they have to solve the problem.  

• Act 3 begins with people discussing their solutions. This discussion often 

involves some debate when there is more than one potential solution. Finally, 

there is the actual reveal of the solution which is typically in the form of a 

short video or another compelling image with the answer easily seen. 

Launch (20 Minutes)  

• Start with the title slide (Slide 134) and explain what 3-act math tasks are 

and how they engage students (Meyer, 2011). Launch the work on three-

act math tasks with a task I made called Burger Up. The task begins with a 

short video (Monster burger Act 1; Flynn, 2019) of a promotion for a food 
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challenge from a Chicago-based restaurant. The video shows a massive 

cheeseburger being served and held up to the screen (Slide 135).  

• Ask participants to talk in their groups about what they notice and wonder 

about the video. Ideally, someone will wonder how much the burger 

weighs. Once that question is on the table, move onto Act 2 (Slide 136). 

• Ask the participants what information they need to answer the question of 

how much the burger weighs. The participants can brainstorm lots of 

possible ways they can figure out the weight of the burger using math. The 

information included in the task is all the ingredients that make up the 

burger and their weights in ounces. The challenge with this task is that the 

weights of the ingredients are all before cooking. This is what makes 

Burger Up a great math modeling task. Participants must consider that 

some of the weight will be lost during cooking. This ambiguity will result 

in a range of answers from participants.  

• For Act 3, participants will defend their answers and provide sound 

mathematical arguments to back up their reasoning. After their responses 

are shared, the facilitator will show the Act 3 video (Monster burger Act 3; 

Flynn, 2019) which reveals the actual weight of the burger (8 pounds) 

(Slide 137). Participants will look back at their mathematical models and 

have discussions about what would need to be revised in them. Finally, the 

facilitator will debrief the task by first asking participants to talk about the 
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mathematics and then by having them reflect on their roles as learning and 

the facilitator’s role in bringing their learning forward (Slides 138-141).  

Selecting and Facilitating 3-Act Tasks (70 Minutes) 

• Show the assignment on Slide 142. Participants will work in groups to look 

for existing three-act math tasks online. Numerous math educators create and 

share them online for free so there is no shortage of great three-act math tasks 

to draw from. For example, Graham Fletcher has one that helps students 

explore multiplication and division strategies using his task “Array-bow of 

Colors” (Fletcher, 2015). In this task, Act 1 opens with a jar being filled with 

Skittles. Act 2 gives students the amount of skittles in one package and the 

total number of packages used to fill the jar. Act 3 reveals the total number of 

Skittles by making an array of piles Skittles with 10 Skittles in each pile.  

• The groups will select one task and use the 5-Practices planning protocol to 

design a learning experience with their task.  

• Bring the group back together and show Slide 142 outlining the jigsaw 

discussion. Then jigsaw the groups and each member will facilitate their task 

to their new small group. This will give each member an opportunity to 

practice facilitating a task using The 5 Practices (Smith & Stein, 2018).  

• They will then debrief the experience. 

Assign Homework (5 Minutes, Slide 143) 

The homework for the evening will be to finish the 5 Practices Smith & Stein, 2018) 

book.   
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Day 3: Explore Mathematical Practices and Developing Mathematical Reasoning 

Part II. 

Schedule: 

8:30 – 8:35 a.m.: Defining Mathematical Practice 8: Looking for and Expressing 

Regularity in Repeated Reasoning 

8:35 – 9:05 a.m.: Visual Patterns 

9:05 – 9:50 a.m.: Terminating and Repeating Decimals 

9:50 – 10:10 a.m.: Break 

10:10 – 11:00 a.m.: The Path of the Billiard Ball 

11:00 - 11:25 a.m.: Discussion of Reading 

11:25 – 11:30 a.m.: Work Assigned 

11:30 – 1:30 p.m.: Lunch and Reading 

1:30 – 2:00 p.m.: Defining Mathematical Practice 7: Looking for and Making Use of 

Structure and Comparing the Standard to the Movie The Matrix 

2:00 – 2:40 p.m.: Multiplying by 10 

2:40 – 3:00 p.m.: Using Structure to Support Fluency 

3:00 – 3:20 p.m.: Break 

3:20 – 3:40 p.m.: Routines to Support Mathematical Practices 7 and 8 

3:40 – 4:20 p.m.: Designing Routines and Applying Course Ideas 

4:20 – 4:30 p.m.: Final Reflections 

4:30 p.m.: Course Evaluations  
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Detailed Agenda 

 Start with the title slide (Slide 144).The math practices for this day are Math 

Practice 7: Look For and Make Use of Structure and Math Practice 8: Look For and 

Express Regularity in Repeated Reasoning (citation). The two practices are related and 

often do not happen apart from one other. When one notices regularity in mathematics, 

there is always some underlying structure that is causing that regularity. For example, a 

participant might notice that when he or she adds one to a factor in a multiplication 

expression, the product increases by the other factor. That participant may test that idea 

through repeated reasoning and then express the regularity in the form of a generalized 

claim. All work is an example of Math Practice 8. If the student then explores why that 

pattern exists, they are working on Math Practice 7 because they are looking for the 

underlying structure. Once they understand the structure, they can then use that in 

problem solving settings. This last day will focus on the relationship between both 

practices. 

Defining Mathematical Practice 8: Looking For and Expressing Regularity in 

Repeated Reasoning (5 Minutes) 

• Review the definition of Math Practice 8: Look For and Express Regularity in 

Repeated Reasoning. Ask participants to share their understanding of this 

standard. Then work to clarify any misconceptions.  

Visual Patterns (30 Minutes, Slides 145 & 146) 

 The class will begin by focusing on looking for regularity. This is challenging 

work because it requires participants to explore lots of instances within a given scenario 
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to see regularity and make general claims about it. For an easy open, the facilitator will 

use visual patterns as they are easily accessible to all learners but can be very 

complicated structurally. The steps are as follow: 

• Show Slide 145 with the first visual pattern.  

• Ask participants what they notice and wonder about the images. The goal is to get 

them to look at various aspects of the visual pattern. People typically want to 

jump right to discovering the rule for the pattern, but I want to slow this work 

down to allow participants time to notice lots of different forms of regularity. It is 

likely that new ideas will be generated from this work because participants will 

take the time to analyze the visual structure rather than just jump to an abstract 

formula.  

• Show Slide 146. Participants will then work to describe the pattern using verbal 

descriptions rather than a using a formula. Encourage participants to slow down 

and move from their tendency to jump to an “answer” because the actual 

interesting work is in the process of discovery through slow exploration. Slowing 

down also forces them to look at the mathematics through concrete and visual 

lenses which strengthens their conceptual understanding of the ideas.  

• The final work for participants is to create a generalizable rule for the pattern 

expressed both verbally and numerically.  

• Debrief the activity by focusing on the nature of the task and the intentional 

instructional decisions that were in place that allowed the participants to dig into 

the work and focus more on the process than the end result. Participants will then 
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discuss their roles in the work and the role of the facilitator in orchestrating a 

productive mathematical discussion. This discussion will help participants see the 

5 Practices (Smith & Stein, 2018) from both the lens of the learner and the lens of 

the facilitator. 

Terminating and Repeating Decimals (45 Minutes, Slides 147-149) 

• Show Slide 147 and ask participants to discuss the questions.  

• Pass out the Terminating and Repeating Decimals Task Sheet (see below). 

This next math task involves participants exploring the results of division of unit 

fractions. They will work in small groups to explore what happens with different 

denominators by working out the division by hand. Participants will notice that 

some unit fractions produce terminating decimal quotients while others produce 

repeating decimal quotients. As they do this work, they will begin to make 

conjectures as to why this is happening.  

• When participants return, discuss the math (Slide 148 and use Slide 149 so all the 

unit fractions can be sorted. Debrief the activity with participants in the same way 

the visual patterns task was debriefed, by focusing on the nature of the task and 

the intentional instructional decisions that were in place that allowed the 

participants to dig into the work and focus more on the process than the end 

result.  

• Participants will then discuss their roles in the work and the role of the facilitator 

in orchestrating a productive mathematical discussion. This discussion will help 
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them see the 5 Practices (Smith & Stein, 2018) from both the lens of the learner 

and the lens of the facilitator. 

Break (20 Minutes) 

The Path of the Billiard Ball (60 Minutes, Slides 150-154) 

The final task for participants to explore for Math Practice 8 is called The Path of the 

Billiard Ball (Jacobs, 1970). The scenario is that there is a fictitious billiard table where 

they ball always starts in the lower left corner and always travels at a 45-degree angle. 

The ball never stops moving until it hits a corner. When this action is performed on a grid 

while tracing the path of the ball, numerous interesting patterns emerge. Slides 150 to 154 

will set the task up for participants.  

• Give each participant graph paper, rulers, and colored pencils to explore billiard 

tables of different dimensions. The Path of the Billiard Ball is an open-ended task 

meaning there is not one result, conclusion, or conjecture.  

• Participants are tasked with noticing and expressing regularity in their repeated 

reasoning. They could take notes on the different patterns they notice and express 

them in the form of a generalized statement.  

• The participants will conclude with a discussion of the mathematics that was 

uncovered and then they will debrief the work as it pertains to the 5 Practices 

(Smith & Stein, 2018). Connections will be made to the levels of inquiry from 

Day 1 because this is an example of an open inquiry experience where 

participants generated their own questions and testing it with different methods 

they design.  
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• Participants will be asked to rate this experience in terms of engagement as well 

as the opportunity to develop mathematical insight.  

Discussion of the Reading (25 Minutes, Slide 155) 

 Participants will talk in small groups about the ways in which elements of the 5 

Practices already exist in their classrooms and the changes teachers must make in order 

to integrate them fully into their work.  

Work Assigned (5 Minutes, Slide 156) 

For their lunch reading, participants will read Deborah Schifter’s (2018) chapter 

called Early Algebra as Analysis of Structure: A Focus on Operations from the book 

Teaching and Learning Algebraic Thinking with 5 to 12-Year-Olds edited by Karen 

Kieran. This chapter pulls together the work from the morning and prepares them for the 

afternoon’s work. The chapter also gives participants a K to 5 view of this work in the 

classroom.  

They will also read a short essay written by the researcher comparing the movie 

The Matrix to Math Practice 7. The essay is found below.  

Lunch and Reading (2 Hours) 

The afternoon portion of the class will focus on Math Practice 7 from the 

Common Core State Standards. This standard in titled: Look For and Make Use of 

Structure. To help participants make sense of this standard, the facilitator will compare 

this practice standard with the movie The Matrix because both have to do with power one 

gets once he or she understands the underlying structure of the system they are in. This 
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analogy will carry forward for the rest of the class as participants work through the 

mathematics and think of their own shifts as math teachers.   

Defining Mathematical Practice 7: Looking for and Making Use of Structure and 

Comparing the Standard to the Movie The Matrix (30 Minutes)   

Start with Slide 157 and ask participants about what it means to look for and 

make use of structure in mathematics. Show Slides 158 to 161 reviewing the definition of 

Mathematical Practice 7. Then Have participants get together in small groups and talk 

about the reading comparing the movie The Matrix to mathematics education and ask 

them to describe their reactions to it and to think of experiences in their own life that 

relate to the comparison.  

Connecting the Matrix to Our Work 

Start by showing Slide 162 and ask the participants to discuss their reactions to 

the reading about The Matrix.  

Share Slide 163 showing Jared’s work from Day One. Walk through the kinds of 

mathematical experiences Jared had to get unplugged from the Matrix and ask 

participants to comment on how those experiences supported his overall learning 

in mathematics (Slides 164-173). Then tell participants they are going to do some 

work to unplug themselves even further from the Matrix. 

Multiplying By 10 (30 Minutes, Slides 174-177) 

Show Slide 174 and 175 to review the task. Pass out the Multiplying by 10 Task 

Sheet (see below). Participants will explore the rules for multiplying by 10, 100, 1,000, 

10,000 and so on. Most people have learned the “just add zeros” rule. However, this is an 
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incorrect statement and it does not get at the mathematics underlying the rule. Adding 

zero results in no change to the number so we are not actually adding zeros when we 

multiply by a number that is a multiple of 10. To uncover the underlying structure 

involved, participants will be asked to represent the result of multiplying 23 by 1, 10, 

100, 1,000, and 10,000 using base-10 blocks. At first this will appear to be an easy task 

for participants, but soon their limitations regarding representing large values with base-

10 blocks will push their thinking. 

• Assign participants to small groups and share the instructions for the task.  

• Make sure everyone has access to a set of base-10 blocks.  

• Participants start with a unit cube to represent one, then move to a rod of ten 

cubes to represent ten, and then they create a flat made up of ten 10-rods to 

represent 100.  

• When participants have ten flats, the result is a much larger cube that now 

represents 1,000. The base-ten blocks only have premade blocks to represents, 

ones, tens, hundreds, and thousands.  

• When participants have to represent 10,000, they will likely struggle as they have 

not considered the pattern of cube, rod, flat, cube, rod, flat, etc. before. They will 

try to make a new shape using ten of the 1,000 blocks. After trial and error 

someone will notice that you can stack them to make a giant rod of 10,000. From 

there they should see that they can then take ten of those 10,000 rods to make a 

giant flat of 100,000. Ten of those big flats can be placed together to make a cube 
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that is worth 1,000,000. This pattern repeats indefinitely, and participants should 

be amazed when they see this.  

• As with the earlier work in the course, a big part of this task is giving participants 

experiences where they make sense of these ideas for themselves. There is 

magical moment of discovery that the facilitator is trying to achieve, and it is a 

transformative experience for participants when they “get it”. I want their 

experiences as learners to leave such a lasting impression that they want to go 

back to their classrooms and create similar experiences for their students to 

discover key mathematical ideas. This shift from direct teaching to facilitating 

engaging learning experiences is possible and quite easy once participants realize 

they need to step back a bit and allow their students time to explore the 

mathematics for themselves.  

• Use Slides 176 and 177 for the debrief. The facilitator will follow the same 

debriefing format that was used for the other tasks. First the mathematics will be 

unpacked. This discussion will support the development of participants’ 

mathematical content knowledge. Then participants will consider what it takes to 

facilitate a task like this. The goal is for participants to recognize that the 

facilitator needed to have a rich understanding of this mathematics in order to 

guide the discovery among the participants. If the facilitator did not deeply 

understand the mathematics, the facilitation would not have worked. This is a key 

point that participants need to know for their own practice. They must understand 
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the mathematics deeply for themselves before they can facilitate this way with 

their students.  

Using Structure to Support Fluency (20 Minutes, Slides 178-181) 

The facilitator will then shift the focus of the work on Math Practice 7 to have 

participants consider how understanding structure can lead to mathematical reasoning 

which leads to procedural fluency. Fluency is such a big concern for teachers, and it is 

important to make sure it is addressed in the short course.  

• Slide 178 asks participants to discuss their definition of fluency. Solicit lots of 

responses so you have a wide range of definitions.  

• Show the Common Core definition of fluency on Slide 179.  

• Show Slide 180 with the quote about fluency practice and its relationship to math 

anxiety (Boaler, 2015). 

• Show Slide 181 and tell the group they are going to have an experience that 

should help them see the connection between high pressure and the inability to 

access readily available knowledge. Tell them they are going to do a count around 

the room task much like students do in elementary school when they learn to skip 

count. This time, the adults are going to count by 12s. This should make many of 

them feel pretty anxious. 

• Ask the participants to talk about these feelings and why this task is causing these 

feelings.  
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• Then let participants off the hook by saying you will facilitate the task in a way 

that draws upon structure and understanding without stressing people out. Here’s 

the plan: 

o Everyone should stand up. When someone wants to share a number, they 

can raise their hand. The facilitator will call on a person to share the 

number and will either write it on chart paper.  

o Pause periodically to ask the participants to discuss any patterns they see 

or any strategies they use (e.g., add 10 and then add 2)  

o Also, take time whenever you cross over a century for people to have time 

to mentally calculate the next number. Strategies like this reduce anxiety 

and help people focus on the structure of counting by twelves.  

o At the end, ask participants to discuss how the way you facilitated the task 

was different from how they originally thought the task was going to go 

and what the benefits were from your approach.  

o Finally, explain that when students understand structure, they can use that 

knowledge to become more flexible and fluent with their computation. 

Break (20 Minutes) 

Routines to Support Mathematical Practices 7 and 8 (20 Minutes, Slides 182-191) 

The final work for the day and the course involves exploring instructional routines 

that come from Russell, Schifter, Kasman, Bastable, and Higgins (2017). Participants can 

use these in their own classrooms that develop their students’ algebraic reasoning through 



162 

 

explorations with regularity and structure. Display Slide 182 that references where this 

work derives and walk the participants through the routine. 

• The routine begins with participants noticing some regularity in mathematics 

(Slide 183).  

• They then express that regularity as a general claim (Slide 184).  

• Next, they test their claim with lots of repeated reasoning to make sure their 

claim works (Slide 185).  

• Then they have to create a representation-based argument to prove their claim 

works for a whole class of instances (e.g., all whole numbers; Slide 186). 

• Slides 187 and 188 show examples of students’ representation-based 

arguments. 

• They then work to revise and/or extend their claim if necessary (Slide 189).  

• Finally, they consider how they can apply their claim in problem solving 

situations (Slide 190).  

Show Slide 191 and go over the directions for the small group work. Pass out the 

Exploring Structure Through Algebraic Reasoning Sheet (See below). Participants 

will first walk through this routine by following the work of a second-grade class. For 

each part of the routine, the participants will do the work for themselves as adult learners 

and then they will see how second graders did the same work. This experience gives 

participants the view of this work from both the learner perspective and the teacher 

perspective.  
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Once participants have gone through the routine with second grade, they will be 

given a new scenario to work on in small groups following the same progression of 

instructional routines.  

Designing Routines and Applying Course Ideas (40 Minutes) 

• Participants will be broken up by grade level bands so the work they do is closely 

tied with the mathematics their students do.  

• When participants finish their work, they will then create a similar progression 

they can use with their students to support this work on developing algebraic 

reasoning.  

• After the participants return to whole group, the facilitator will debrief the 

mathematics as well as the learning experience with them.  

o Participants will address questions they have regarding the implementation 

of this work with their own students.  

Final Reflections (10 Minutes, Slide 192) 

• This reflection is a conversation with participants and not related the formal post-

course reflection participants need to complete as their final assignment.  

• The facilitator will then pivot the discussion to focus on participants’ own growth 

and development over the course of the last three days.  

• Participants will be given a prompt called “I Used to Think and Now I Think”. 

This sentence frame asks participants to reflect on how their thinking has shifted 

by choosing a way they used to think about mathematics or math teaching and 

what their current thinking is based on the course experiences.  
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• The facilitator will end the course by having participants share their responses to 

this prompt.  

• Participants will be given a post-course assignment (see below) to help gauge 

what each of them got out of the course. This will be due one week from the date 

it is assigned. Participants will also be given a short course evaluation (see below) 

to give feedback on what worked and what needs to be improved with the course.  
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Math Practice 7 and The Matrix 

The Matrix is a science fiction film about a character named Neo played by 

Keanu Reeves. Neo is a computer programmer who’s just living his life like the rest of 

us. One day Neo gets a call from a man named Morpheus, played by Lawrence 

Fishburne, who tells Neo that the world he lives in is not real. Machines have taken over 

the world and they are using humans as a power source. Neo and most of humanity are 

actually plugged into a computer simulation called The Matrix that makes them all think 

they’re living their day-to-day lives when in fact they’re prisoners to the machines.  

Morpheus offers to unplug Neo so he can join his crew and work to free other 

humans. Once outside the Matrix, Neo learns about the underlying structure of the Matrix 

and the dangers of going back in to free more humans. He learns about the agents, like 

Agent Smith, whose sole purpose is to protect the Matrix and kill anyone trying to free 

humans.  

Neo needed training before he could reenter the Matrix. He needed to learn 

combat skills so he could protect himself, but more importantly, his training was 

designed to help him see the Matrix for what a really was, a computerized system that 

was governed by rules. He needed to free his mind of these rules and once he learned 

how he would be able to bend and break them, allowing him to do things like stop 

bullets, run up walls, and even fly.  
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So, what does any of this have to do with math? Well most of us grew up in the 

Matrix of Math. This too was a system governed by rules. There was one way to add, one 

way to subtract, one way to multiply, and one way to divide. We weren’t encouraged to 

stray from these algorithms. In fact, we were conditioned to use them so much that for 

many adults today, that’s the only way they can do these operations.  

The Matrix of Math is rule-driven mathematics without concern for 

understanding. It’s about speed and accuracy at all costs, even if that means we hinder 

student learning. The developer of this course once tutored third graders to help them get 

ready for the state test. Their teachers we deep in the Matrix of Math and it was easily 

evident. For example, one of the sessions was launched with what the developer thought 

was an easy mental math exercise. The class was asked to solve 200 - 198. However, 

shortly after posting this problem some of the kids started crying. When asked what was 

wrong, one student expressed how others were feeling. He said, “I can do it if you let me 

use my notebook and pencil, but I can’t keep track of all that borrowing in my head.” 

That’s what being in the Matrix looks like. They only had one way to think about 

subtraction. They weren’t even looking at the numbers.  

The group was told not to worry about subtraction. They were asked, “What can 

you tell me about those numbers?” 

• One kid suggested, “They’re big.” 

• “Yes, what else can you tell me?” 

• Another kid said, “They’re close to each other.” 

• “Absolutely! How close are they?” 
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• After a slight pause few kids exclaimed, “Two…Two!!”  

For just a moment, they were unplugged from the Matrix. They could see that 

there was more to subtraction than just the algorithm. They needed much more 

experience to be fully unplugged, but there was hope.  

Now compare the experience of the third graders with that of Keisha, a second 

grader in one of the developer’s colleague’s classes. The developer was observing in her 

class and the teacher posed 85 – 37 as a mental math task. Keisha, very quickly had her 

hand in the air and was excited to share her thinking. She said, “I changed the problem to 

make it easier. I knew you needed to add 3 to 37 to make 40 and I knew if I did the same 

thing to 85 it would give me a new problem with the same answer. So ,I added 3 to 85 

and got 88. Now it’s 88 – 40 which equals 48.” 

This is the mathematical equivalent of stopping bullets. Keisha was unplugged 

from the Matrix. She didn’t see operations as commands to follow memorized 

procedures. She understood how the structure of subtraction and how it behaved. She 

could then use that understanding to think flexibly and make the math easier. Keisha was 

not an anomaly either. She and her classmates had been exploring the structure of 

addition and subtraction with their teacher all year long. The understanding they 

developed throughout the year actually unplugged them all from the Matrix. All students 

deserve opportunities to be unplugged. 
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Pre-Course Assignment  

Beyond Answer-Getting: Exploring Mathematical Practices and Developing 

Mathematical Reasoning with All Students 

 

Dear Participant, 

 

Please respond in writing to the attached four problems and email your work 

to your course instructors by Friday before the start of class.  I want you to 

capture your present thinking regarding these ideas prior to your formal class 

experience. Please use full sentences to explain your thinking in this 

document. I expect this assignment will take approximately 1 to 2 hours to 

complete. Also please add your full name to the header (above). Thank 

you.  

 

I want to capture your present thinking regarding these ideas prior to your 

formal class experience, I am asking for you to work on these questions alone 

and without reference to mathematics websites or resources. Please use full 

sentences to explain your thinking in this document. Please include your full 

name and grade level on your response and in the file name when you 

save it (e.g., Beyond Answer-Getting Pre-Course Assignment Smith)   

 

Sincerely, 

(Signature of Course Instructor)  
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Pre-Course Assignment Problem 1 
 

Students Janae, Tom, Bert, and Betsy demonstrated four different 

approaches to the same problem, 68 + 24 = ? 

         

 

Janae’s approach: 

 

         68 + 24 = ? 

         60 + 20 = 80 

         8 + 4 = 12 

         80 + 12 = 92 

 

 

Tom’s approach 

 

        68 + 24 = ? 

        24 – 2 = 22 

        Take the -2 and add it to the 68  

             (68 + 2 = 70.) 

        Add the 22 that was the answer 

from            

             24-2. 

        22 + 70 = 92 

 

 

Bert’s thinking: 

 

        68 + 24 = ? 

        Take the 24 and break it into 

smaller pieces. 

        24 = 5 + 5 + 5 + 5 + 4 

        Add the pieces onto the 68, one 

at a time, by counting up. 

        68 + 5 = 73 

        73 + 5 = 78 

        78 + 5 = 83 

        83 + 5 = 88 

        88 + 4 = 92 

 

 

Betsy’s thinking: 

 

        68 

      +24 

 

        8 + 4 = 12 

        Carry the 1 and add it to the 6 + 

2. 

        1 + 6 + 2 = 9 

        So the answer is 92. 

 

 

 

 

 

For each student, answer the following: 
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a.  How do you, yourself, understand why this procedure produces a correct 

answer. You may use diagrams, story contexts, number lines or 

manipulatives to illustrate. 

 

b.  Will this procedure work on other addition problems?  How do you 

know? 

 

c.  Would you want to have this student share his or her procedure with the 

whole class?  Why or why not?   (Janae; Tom; Bert; Betsy) 
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Pre-Course Assignment Problem 2 
 

Consider the responses of these students who were asked to determine 27 x 4 

in two different ways:  

 

 

 

For each student (Jen, then Joel) answer the following: 

 

a.  How do you, yourself, understand why this procedure produces a correct 

answer. You may use diagrams, story contexts, number lines or 

manipulatives to illustrate. 

 

b.  Will this procedure work on other multiplication problems?  How do you 

know? 

 

c.  Would you want to have this student share his or her procedure with the 

whole class?  Why or why not?   (Jen's first and second ways; Joel's first 

and second ways)  

 

Jen’s approaches 

 

First way:  2 x 27 = 54        2 + 2 = 

4        

   4 x 27 = 108    54 + 54 = 108 

   I found out that 2 x 27 = 54 and 

then  

   I added 54 + 54. 

 

Second way:   20 x 4 = 80    7 x 4 

= 28 

   I did 80 + 28,  20 x 4, and 7 x 4 

and  

   then added them together. 

 

 

Joel’s approaches: 

 

First way:   Well, 2 x 27 = 54, so 54 + 

54 = 108. 

 

Second way:   First I added up all of 

the  

   20s and got 80 and then I added up 

all 

   the sevens and got 28 and then I 

added  

   80 to 28 and got 108.   
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Pre-Course Assignment Problem 3 

Imagine you gave the following problem to your third-grade students, 

I have 24 balloons to give out to my friends in bunches of 4.  How 

many of my friends will get a bunch of balloons? 

Among your students’ work were the following five responses:  

Josh 

4 + 4 = 8, 8 + 8 = 16, 16 + 8 = 24 

Marilyn 

24 – 4 = 20; 20 – 4 = 16; 16 – 4 = 12; 12 – 4 = 8; 8 – 4 = 4 

6 friends 

Stacey 

            The answer is 6 because 6 x 4 = 24 

Max 

xxxx  xxxx  xxxx  xxxx  xxxx  xxxx 

6 

 

a.  How do you, yourself, understand why each produces a correct answer. 

You may use diagrams, story contexts, number lines or manipulatives to 

illustrate. 

 

b.  Explain why you would or would not want each student share his or her 

procedure with the whole class. 

 

c.   Assuming you gave this assignment at the beginning of a unit on division 

and these responses are representative of your class as a whole, what would 

you do next?  



210 

 

Pre-Course Assignment Problem 4 

Here is a problem: There are 2 brownies to be shared among 3 children.  

What size portion will each child get?  Show with a diagram. 

a. What is your answer to this question? 

b.  What number or numerical expression is indicated by the shaded portion in each 

students’ diagrams? 

Nia 

 

 
Washawn 

 

 

 
c. Which of these children has correctly shown the size of a portion? 

____ Nia    ____ Both 

____ Washawn    ____ Neither 

Explain why:  
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Propeller Design Template 

 

  



212 

 

Alphabet Counting Sheet 
 

Use the alphabet as numbers to solve the 

following problems: 

                  
 

How many fish are there? ____                        How 

many ducks are there? ____ 

 

Are there more fish or more ducks? __________  

 

How many more? ________ (show how you figured it 

out) 

 

Draw “e” circles and count them backwards. 

 

Count by “c”______, ______, ______,  

 

What is “d” + “e?” ______         

 

How did you get your answer?  
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Exploring Addition and Subtraction Strategies Sheet 
 

Analyzing Student Strategies Sheet 

Section 1 illustrates four different strategies for calculating 34 + 28. Section 2 

illustrates five strategies for calculating 53 – 17.  Examine each method carefully, 

first trying some similar problems using the same strategy. Then write a verbal 

description of the strategy. Demonstrate the method with manipulatives, 

diagrams, or a story context.  In particular, try number lines and place value 

representations. Finally, write out the mathematical ideas you see in each 

procedure. 
 

Section 1   34 + 28 

1(a)   

 30 + 20 = 50 

 

 4 + 8 = 12 

 

 50 + 12 = 62 

 

1(b)    

 

  13 4 

  + 2 8 

 6 2  

1(c) 

 

  34 + 20 = 54 

 54 + 8 = 62 

 

1(d)   

  

 34 + 28 = 32 + 30 = 62 

 

Section 2   53 – 17 

2(a)   

 53 – 10 = 43 

 43 – 7 = 36 

 

2(b)    

 

 53 – 17 = 56 – 20 = 36 

2(c) 

 45 13 

 – 1  7 

  3  6 

 

2(d) 

 17 + 3 = 20 

  20 + 30 = 50 

                  50 + 3 =  53 

Answer is 3 + 30 + 3 = 36 

2(e)  

    5 13 

 – 2 1  7 
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 3  6 
From Schifter, D., Bastable, V., & Russell, S. J. (2017a). Developing mathematical ideas: Building a 

system of tens. Reston, VA: National Council of Teachers of Mathematics. 

 

3-Act Task Recording Sheet 
 

What do you notice?  What do you wonder?  

What question are you trying to answer? 

 

 

 

 

 

Write an estimate that’s 

too low. 

 

Write an estimate that’s 

too high.  

 

 

What is your 

actual estimate? 

Show your estimate on a number line with your too low and too 

high.  
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Workspace 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

What is the answer to your question? 

 

 

 

 

 

 

 



216 

 

 

 

 

 

 

 

 

 

 

 

Base-5 Task Sheet 

 

1. Starting at with the top left box, write one number in each box, 

starting at 1 and moving to the right as you add the next 

counting number in base 5. Draw a representation of each 

number as you go. 
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2. Make a number line that goes from 1 to 100 in base 5 

 

 

 

 
3. Solve the following problems. 

 

a. 24 + 13 = 

 

b. 132 + 341 = 

 

c. 32 – 14 = 

 

d. 320 – 14 = 

 

e. What is your answer to this addition problem and why 

does that make sense? 

 

          13 + 13 + 13 + 13 + 13 =   

 

f. 24 x 3 = 

 

g. 24 x 30 =  

 

h. 24 x 10 =  

 

i. 24 x 13 =  
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4. Make up some computation problems of your own to try. 

 
From Schifter, D., Bastable, V., & Russell, S. J. (2017a). Developing mathematical ideas: 

Building a system of tens. Reston, VA: National Council of Teachers of Mathematics.  
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Henrietta’s Roost Case 
Ms. Nolan – Grade 1, May      

 
From Schifter, D., Bastable, V., & Russell, S. J. (2017b). Developing mathematical ideas: Patterns, 

functions, and change casebook. Reston, VA: National Council of Teachers of Mathematics. 
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Terminating and Repeating Decimals Task Sheet 

1. Examine what happens when you divide by 3. Work out the following: 

 

1 ÷ 3        2 ÷ 3        3 ÷ 3        4 ÷ 3        5 ÷ 3        6 ÷ 3        7 ÷ 3   etc.  

 

What patterns do you notice? How do you explain them? 

 

 

2. Examine what happens when you divide by 5. Work out the following: 

 

1 ÷ 5        2 ÷ 5        3 ÷ 5        4 ÷ 5        5 ÷ 5        6 ÷ 5        7 ÷ 5   etc.  

 

What patterns do you notice? How do you explain them? 

 

 

3. Why does dividing by 5 produce such different results than dividing by 3? 

 

 

4. Examine what happens when you divide by 4. Work out the following: 

 

1 ÷ 4        2 ÷ 4        3 ÷ 4        4 ÷ 4        5 ÷ 4        6 ÷ 4        7 ÷ 4   etc.  

 

What patterns do you notice? How do you explain them? 

 

5. Consider the other digits. Which produce results like dividing by 5? Which 

produce results like dividing by 3? How do you explain that? 

 

6. Summarizing:  Consider 
1

𝑛
 for various values of n, such as n = 2, 3, 4, … 

For what values of n does the decimal expression for 
1

𝑛
 end? For what 

values of n does the decimal expression for 
1

𝑛
 not end? How can you 

explain why this happens? 
From: Schifter, D., Bastable, V., & Russell, S. J. (2017a). Developing mathematical ideas: Building a system of tens. Reston, VA:  
National Council of Teachers of Mathematics. 
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Multiplying By 10 Task Sheet 
 

Object of the activity:  We often hear students say, “When you 

multiply by ten, you just put a zero at the end of the number, and 

when you multiply by one hundred, you just put two zeros at the end 

of the number.”  What does this mean?  How does it work? Keep 

these questions in mind as you explore this problem. 

 

 
 

 

Create a representation for each of these expressions, using a 

base-ten model.  Examine your representations to answer this 

question: How do you explain the relationship between the digits 

in the problem and the result of the multiplication? 

 

        (a)   23 x 1    (b)  23 x 10     (c)  23 x 100     (d)  23 x 1,000    (e)  23 

x 10,000 
 

 

 

 

 

From Schifter, D., Bastable, V., & Russell, S. J. (2017a). Developing mathematical ideas: 

Building a system of tens. Reston, VA: National Council of Teachers of Mathematics. 
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Exploring Structure Through Algebraic Reasoning Sheet 

1. Noticing regularity (MP8) 

“Each time I make the second number bigger, my answer gets 

smaller.” 

 

2.  Make a general claim (MP8) 

“If you make the number you are subtracting bigger by one, the 

answer will get smaller by one.” 

 

3.  Test the claim with examples (MP8) 

7 – 3 = 4     19 – 11 = 8  52 – 24 = 28 

7 – 4 = 3     19 – 12 = 7  52 – 25 = 27 

 

4.  Create a representation-based argument (MP3 and MP7) 

   
 

5.  Revise or extend the claim (MP8) 

“If you increase the number you’re subtracting by any amount, the 

answer will get smaller by that same amount.” 

 

6.  Apply in problem solving situations (MP7) 

I can solve 53 – 37 by changing it to make it easier. I’ll add 3 to 37 to 

make it 53 – 40 which I can solve in my head and get 13. Then to 

solve 53 – 37, I just need to add 3 to the 13 to get 16.  
From Russell, S. J., Schifter, D., Kasman, R., Bastable, V., & Higgins, T. (2017). But why does it work? Portsmouth, NH: 

Heinemann.  
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Course Evaluation 

 

Name (Optional) __________________ 

 

Please rate the following aspect of the course: 

 Excellent Good Satisfactory Fair Poor 

The Facilitator      

Course Content      

Course Structure      

Class Assignments      

Homework      

 

What elements of the course was most useful to you? 

 

 

 

What elements of the course need improvement? 
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Please comment on the instructor’s facilitation of the course. 

 

 

 

 

How would you rate your overall experience in the course? 

Excellent Good Satisfactory Fair Poor 

     

 

Any additional comments? 
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Post-Course Assignment  

Beyond Answer-Getting: Exploring Mathematical Practices and Developing 

Mathematical Reasoning with All Students 

 

Review your written responses to the pre-course assignment and reflect on what you have 

learned during your time with us. Use track changes and revise your responses where 

necessary. When appropriate, reference specific elements from the course to help me see 

the connections you are making between the course content and your prior knowledge.  

 

Then write a 2-page reflective essay on all your learning from this course. Be sure to 

reference what you learned about mathematical content as well as mathematics teaching. 

 

Email your response to me by (insert date). Thank you 

 

Sincerely, 

(Course Instructor)  
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Appendix B: Interview Questions 

Pre-Course Interview: 

1. When you consider mathematics, what feeling and connotations does the subject 

provoke in you? Why? (RQ1 & RQ3) 

2. What was your experience in mathematics as an elementary and middle school 

student and how do you think these experiences contributed to how you perceive 

mathematics today? (RQ1 & RQ3) 

3. When you consider teaching mathematics to students, what feeling and 

connotations does this provoke in you? Why? (RQ1 & RQ3)  

4. What was your experience in mathematics during your teacher preparation 

program and how do you think these experiences contribute to how you perceive 

teaching mathematics? (RQ1 & RQ3) 

5. How would you describe your mathematical content knowledge? (RQ1) 

6. What constitutes effective mathematics instruction? (RQ1 & RQ2)  

Post-Course Interview 

7. Reflecting on your experience during the college math course, what components 

stand out as having a positive effect on your learning and why? (RQ5) 

8. Reflecting on your experience during the college math course, what components 

seemed to have little or no effect on your learning and why? (RQ5) 

9. Did any component of the course have a negative effect on your learning? If so, 

please describe. (RQ5) 
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10. How have your perceptions of math and math instruction changed as a result of 

your experience during the college math course? (RQ5) 

11. Thinking ahead to the coming school year, will you change anything about your 

approach to teaching mathematics and working with students? If so, what 

experiences from this course affected these decisions? If not, why? (RQ3 & RQ5) 

12. When you consider mathematics, what feeling and connotations does the subject 

provoke in you? Why? (RQ4) 

13. When you consider teaching mathematics to students, what feeling and 

connotations does this provoke in you? Why? (RQ3)  
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